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Preface

The longest professional tennis match, in terms of both time and total games occurred at the first-
round of Wimbledon 2010 between John Isner and Nicholas Mahut. It lasted 183 games, required
11 hours and 5 minutes of playing time, with Isner winning 70-68 in the advantage final set. Even
with the introduction of a tiebreak set at Wimbledon in 1971, long matches still occur and records
of long matches can still be broken. Was this long match predictable and what are the chances
of this record being broken in the future? This book will provide insights to these questions by
formulating a mathematical model that provides information such as chances of players winning
the match, reaching the advantage final set and reaching 68-68 all in an advantage final set. Hence
the mathematics of tennis is concerned with the chances of players winning the match (who is
likely to win?) and match duration (when is the match going to finish?). These calculations are
required prior to the start of the match, but also for the match in progress. For example, what
are the chances of player A winning a best-of-5 set match from 1 set-all, 3 games-all, 30-15 and
player A serving? Whilst the mathematics of tennis could be of interest to tennis organizations,
commentators, players, coaches and spectators; it could also be applied to teaching by using the
well-defined scoring structure of tennis to teach concepts to students in probability and statistics.
Such concepts include summing an infinite series, binomial theorem, backward recursion, forward
recursion, generating functions, Markov chain theory, distribution theory, and differential and inte-
gral calculus. The mathematics of tennis applied to teaching also allows students to build their own
tennis calculator using spreadsheets, which in turn could assist in the understanding of probability
and statistical concepts, and familiarize students with using spreadsheet software such as Excel.
The book is structured as follows. Chapters 1-7 define the mathematical model by obtaining
calculations for chances of winning (Chapters 1-3) and duration (Chapters 4-7). The chances of
winning is comprised firstly of Chapter 1 on the chances of winning a game by demonstrating
the results using mathematical techniques of counting paths, binomial theorem, graphing, Markov
chain theory, backward recursion and forward recursion. This is followed by Chapter 2 on the
chances of winning a match using backward recursion and Chapter 3 on the chances of winning
a match using forward recursion. Duration is comprised firstly of Chapter 4 on the duration of a
game by demonstrating the results using mathematical techniques of the binomial theorem, mode
and median, generating functions, forward recursion and backward recursion. Chapters 5—7 obtain
calculations on the duration of a match using backward recursion. Chapter 5 obtains calculations
for the mean and variance of the number of points in a game, the number of games in a set and the
number of sets in a match. This is extended in Chapter 6 by obtaining calculations for the mean,
variance, and coefficients of skewness and kurtosis of the number of points in a game, the number
of games in a set and the number of sets in a match. Chapter 7 obtains calculations for the number
of points in a set and a match, and thus applying a mathematical technique known as the Normal
Power approximation, estimates of the distribution of the number of points (and time) remaining
in a match can then be readily obtained. Chapter 8 outlines a prediction model by utilizing the
mathematical model developed in Chapters 1-7. Chapter 8 demonstrates the methodology by

vil
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focusing on the ‘long’ men’s singles match between John Isner and Nicholas Mahut at the 2010
Wimbledon Championships. The appeal of how predictions can be used in sports multimedia is
also presented in Chapter 8. Finally, Chapter 9 analyzes various characteristics of scoring systems,
where there is mathematical evidence to suggest that the current deuce game could be replaced by
either the No-ad or 50-40 game to reduce the length of men’s singles Grand Slam matches. This
potentially could encourage elite male singles players to compete in doubles Grand Slam matches
(and possibly even mixed doubles) which should enhance spectator interest, sponsorship, prize
money and improve the quality of the doubles events.



Chapter 1

Winning a game

1.1 Introduction

Chapter 1 obtains calculations for the probability of winning a game. This consists of winning
the game from any point score within the game (e.g., winning the game from 30-0) and winning
the game to a specific point score (e.g., winning the game to 0). The techniques to obtain these
calculations consist of counting paths, binomial theorem, graphing, Markov chain theory, backward
recursion and forward recursion.

1.2 Counting paths

Consider a game of tennis between the server and the receiver. The score starts at 0-0. If the server
wins the point at 0-0 then the score progresses to 15-0. If the receiver wins the point at 0-0 then
the score progresses to 0-15. Therefore the score progresses to either 15-0 or 0-15 from 0-0 as shown
in Figure 1.1. If the server wins the point at 15-0 then the score progresses to 30-0. If the receiver
wins the point at 15-0 then the score progresses to 15-15. If the server wins the point at 0-15 then
the score progresses to 15-15 and if the receiver wins the point at 0-15 then the score progresses to
0-30. Therefore the score progresses to either 30-0 or 15-15 from 15-0, and the score progresses to
either 0-30 or 15-15 from 0-15 as shown in Figure 1.2.

Figure 1.1: Graphical representation of the first point played in a game.

This process continues until either the server or receiver has won the game. To win a game
requires winning four points. However, if the scores are level after six points have been played
(known as deuce), then play continues indefinitely until a player has a established a two point lead
and wins the game. Hence the structure of a game can be broken up into two parts — winning a



2 CHAPTER 1. WINNING A GAME

Figure 1.2: Graphical representation of the first two points played in a game.

game prior to deuce and winning a game from deuce. For the server to win the game prior to deuce
requires winning 4 points whilst the receiver can win 0, 1 or 2 points. Similarly, for the receiver to
win the game prior to deuce requires winning 4 points whilst the server can win 0, 1 or 2 points.
Figure 1.3 represents winning a game prior to deuce.

A full game of tennis is represented in Figure 1.4 below. Note that if the server wins the next
point from deuce the score progresses to advantage server (abbreviated to ad-in) and if the receiver
wins the next point from deuce the score progresses to advantage receiver (abbreviated to ad-out).
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game game

. 40-40
receiver server

\wbi/

Figure 1.3: Graphical representation of winning a game prior to deuce.

Suppose we assign a probability to the server winning a point. To keep the model simple, the
probability is constant for every point of the game. Since the only two outcomes at each score
within the game are either the server or receiver winning a point, the probability of the receiver
winning a point is one minus the probability of the server winning a point. Figure 1.7 represents a
game where the probability of the server winning a point is represented as p and the probability of
the receiver winning a point is represented as g =1 — p.
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game game
receiver server

)

) )
oo

Figure 1.4: Graphical representation of a game.

An obvious question: What is the probability of the server or receiver winning the game given
the server has a probability p of winning a point? The first observation is since the game can only
end with the server winning or the receiver winning, then the two probabilities combined must sum
to one.

The server can only win to 0 (known as love) by winning four points in a row from 0-0. This
occurs with probability p* as given by the path in Figure 1.5.

The server can win to 15 from any one of the four paths shown in Figure 1.6. Since there are 4
paths, and the server and receiver win 4 points and 1 point respectively, the server wins the game
to 15 with probability 4piq.

Similarly there are 10 paths for the server to win to 30 and this occurs with probability 10p*¢?.
Therefore the probability of the server winning the game without reaching deuce equals p* + 4p*q +
10p*q® = p*(1 + 4q + 104?).

The probability of the score reaching deuce equals 20p®¢3, since there are 20 paths that can
occur in reaching deuce and each player wins exactly 3 points.

The probability of the server winning the game from deuce is obtained as follows: To win the
game from deuce the server needs to win the next two points. This occurs with probability p?. If
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game
server

b

Figure 1.5: A game with server winning to 0.

the server wins the next point from deuce followed by the receiver winning a point, or the receiver
wins the next point from deuce followed by the server winning a point, then the score returns to
deuce. This occurs with probability pq 4+ qp = 2pq. If d is the probability that the server wins the
game when the score is at deuce, then d = p? + 2pqd.

Solving for d gives
2

__ P
1—2pq’
Using the fact that p? + ¢® = (p + ¢)? — 2pg = 1 — 2pq, we can also write
_ 7
d=— 5
p°+q

Therefore the probability of the server winning the game from the outset 0-0 is given by
104> )
4
=p1+49+ "= ).
P’ +¢ ( P +q
The simplification arises since 30-30 and deuce are logically equivalent score lines (as will be

proven in Section 1.6). Note the probability of reaching 30-30 is 10p?q® and hence the probability
of the server winning the game from the outset is given by

p*(1+ 4q + 10¢°) + 20p°°

(1 + 4q) + 10p%¢° P 4<1+4+ 10q2>
p q P q =D q .
pQ + q2 p2 + q2
A further simplification (Kemeny and Snell, 1976) gives the equation:

p*(1 - 164"

for p # 3,
p4_q4 ?

forp=35

DO
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game game game game
server server server server

ip p p p

Figure 1.6: A game with server winning to 15.

Table 1.1 represents the probabilities of the server and receiver winning a game given the server
has a 0.6 probability of winning a point on serve. It shows that the server and receiver have a 0.736
and 0.264 probability of winning the game respectively.

1.3 Binomial theorem

In elementary algebra, the binomial theorem describes the algebraic expansion of powers of a bino-
mial. The theorem provides a formula for the nth power of a binomial, that is, (p + ¢)", where p
and ¢ are arbitrary and n is a positive integer.

The binomial coefficients appear as the entries of Pascal’s triangle. Table 1.2 gives the first 6
rows of Pascal’s triangle where the rows are conventionally enumerated starting with row n = 0 at
the top. The triangle is constructed such that the only element in row 0 is a 1 and the elements
in each subsequent row are obtained by adding the number directly above and to the left with the
number directly above and to the right. If either the number to the right or left is not present,
substitute a zero in its place. For example, the coefficients of (p + ¢)° are given by the 6th row.
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game
receiver

game
server

Figure 1.7: Graphical representation of a game where probabilities of winning a point are
shown at each possible score within the game.

Table 1.2: The first six rows of Pascal’s triangle.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 D 1

More formally, given n distinct objects, the number of ways of choosing r at a time is equal to
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Table 1.1: The probabilities of the server and receiver winning a game given the server has
a 0.6 probability of winning a point on serve.

win to server receiver

0 0.130  0.026
15 0.207  0.061
30 0.207  0.092
deuce 0.191 0.085

game 0.736  0.264

the binomial coeflicient

() ==

where k! = k(k —1)(k—2)---(3)(2)(1) for any integer k > 2, and 1! = 0! = 1.
Hence the binomial theorem is given by:

n n .
p+q" =) <T>p”q” :
r=0
6 6 6 6\ - -
6 __ 0 6 1.5 2 4 3 3
(p+q)° = (O)pq +<1)pq +<2)pq +(3>pq
6 4 2 6 5 1 6 6 0
+<4>pq +<5>pq +g)Pa

= ¢% + 6pg° + 15p°q* + 20p°¢® + 15p*¢® + 6p°q + p°.

For example,

Notice how the coefficients agree with the 6th row in Pascal’s triangle.
A binomial experiment possesses the following properties:

1. The experiment consists of n trials.
2. Each trial results in one of two outcomes; either a success S or a failure F'.

3. The probability of success on a single trial is equal to p and remains the same from trial to
trial. The probability of a failure is equal to ¢ =1 — p.

4. The trials are independent.

5. The random variable of interest is R, the number of successes observed during n trials.

The binomial theorem can be applied to a tennis game since there are at least 4 trials and often
more, each trial results in two outcomes; either the server wins a point (success) or the receiver
wins a point (failure), the probability of success on a single trial p of the server winning a point
is constant from trial to trial, and the probability of a failure is equal to ¢ = 1 — p, the trials are
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independent and finally the random variable is the number of successes that the server wins a point
during the game.

Suppose four points are played — then either there are zero successes with the receiver winning
all four points and the game, one success by the server winning one point and the receiver winning
three points for a score line of 15-40, two successes by the server and receiver winning two points
each for a score line of 30-30, three successes by the server winning three points and the receiver
winning one point for a score line of 40-15, or four successes by the server winning all four points
and the game. Using the binomial theorem,

p+a)t= 24: <i)qu4r

r=0

(N4 (AN oas (22, (431, (4. 40
_<0> Q+<1)pQ+ 2PQ+3PQ+ 4pq

= ¢* + 4pg® + 6p*¢* + 4p3q + p*.

Table 1.3 represents the probability outcomes of a game of tennis from the binomial theorem
with n = 4. It shows the probability that the server wins the game to 0 is p?. Alternatively, if
the server wins to 0, then the game must last exactly four points and the server must win all four
points (receiver wins 0 points). This can occur in (é) = 1 way. Hence the server wins the game to
0 with probability p*.

Table 1.3: Outcomes of the first four points of a game of tennis from the binomial theorem
with n = 4.

successes score line probability
0 game receiver q*
1 15-40 4pg?
2 30-30 6p*q>
3 40-15 4piq
4 game server p?

If the server wins to 15, then the game must last precisely five points. The server must win the
fifth point and the receiver can win any of the first four. This can occur in (‘11) = 4 ways. Hence
the server winning to 15 is given by 4p?q.

If the server wins to 30, then the game must last precisely six points. The server must win the
sixth point and the receiver must win exactly two of the first five. This can occur in (g) = 10 ways.
Hence the server winning to 30 is given by 10p*¢?.

For the score to reach deuce, the server must win three of the first six points played and this
occurs in (g) = 20 ways. Hence the probability of reaching deuce is (g) p3¢53 = 20p3¢3.

1.4 Graphing a function

We now graph the chances of winning a game. Using a mathematics software package, Figure 1.8
gives the ‘values’ of winning a game for —0.5 < p < 1.5. There appear to be turning points at



10 CHAPTER 1. WINNING A GAME

p =0 and p = 1. There also appears to be an inflexion point at p = 0.5 and roots at p = 0 and
p = 1.5. Note that probabilities must be 0 < p < 1. We have extended to —0.5 < p < 1.5 to obtain
theoretical mathematical results for teaching purposes such as obtaining roots, turning points and
inflection points on the graph. The chances of winning a game can be represented by factorization
as a function of p as

1.D--l
0.8~
0.6~
0.4 -
0.2+~

0.0+~

-0.5 0.0 0.5 1.0 1.5

Figure 1.8: The probability of the server winning a game as a function of the probability p
of winning a point on serve, extended by analytic continuation from 0 < p <1 to —0.5 <
p < 1.5.

p'(3—2p)(4p* —8p+5)
202 +1—2p

Solving the quadratic 4p?> — 8p + 5 = 0, we obtain two complex roots as conjugate pairs p =
1+ 41— 4.

Hence the 7 roots obtained when f(p) = 0 are p = 0 of multiplicity 4, p = % and two complex
rootsp=1+gandp=1-3.

To obtain turning and inflection points we will use a No Advantage (NoAd) game to simplify
the algebra — where in a NoAd game if the score reaches deuce the winner of the next point wins
the game. The NoAd game is played in doubles on the main tour (excluding grand slams) and
mixed doubles in grand slams. Figure 1.9 represents a graph of a deuce and NoAd game, where
there appears to be turning points at p = 1 and p = 0 for both the deuce and NoAd games. There
also appears to be a non-horizontal inflection point at p = % for both the deuce and NoAd games.

Firstly some theory:

The first derivative is the gradient function f’(z) where the gradient at a particular x can readily
be calculated. Thus, the values of x when f’(z) = 0, are either maximum/minimum turning points
or horizontal points of inflection since the gradient is 0 at these critical points of the graph.

flp) =
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—— Deuce
—— NoAd

Figure 1.9: The probability of the server winning a game (deuce or NoAd) as a function of the
probability p of winning a point on serve, extended by analytic continuation from 0 <p <1
to —0.5 <p < 1.5.

The second derivative is the concavity function f”(z) where the concavity at a particular x can
readily be calculated. Thus, the values of 2z when f”(z) = 0, are either inflection points (change
in concavity) or maximum/minimum turning points (no change in concavity). Note that inflection
points can be horizontal (gradient is 0) or non-horizontal (localized minimum/maximum gradient).

Thus, for a particular value of =,

a) if f/(x) =0 and f”(x) # 0, then z is a turning point;
b) if f/(x) # 0 and f”(z) = 0, then x is a non-horizontal point of inflection;
c) if f'(z) = 0 and f”(z) = 0, then z is either a turning point or a horizontal point of inflection.

To determine whether z is a turning point or a horizontal point of inflection given that f’(z) =0
and f”(z) = 0, we use the following test:

If for some 6 > 0, f"(z+6) >0 and f’(z —9) <0or f'(x+6) <0 and f’(x —0) > 0, then =
is a horizontal point of inflection, otherwise = is a turning point.

The chances of winning a NoAd game can readily be obtained as

g9(p) = p* +4p*q + 10p*q* + 20p*¢>.
Given that ¢ = 1 — p, this is equivalent to
g(p) = p*(35 — 84p + 70p? — 20p%).

Therefore
g (p) = 140p® — 420p* + 420p° — 140p° = 140p3(1 — p)3,

so ¢'(p) = 0 when p = 0 and p = 1. Therefore p = 0 and p = 1 are either turning points or
horizontal points of inflection.
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Next,

g"(p) = 420p* — 1680p> + 2100p* — 840p° = 420p*(1 — 4p + 5p? — 2p°) = 420p?(1 — p)?(1 — 2p),

so ¢"(p) = 0, when p = %, p=1,0r p=0. Hence p = % is a non-horizontal point of inflection as a

maximum localized gradient since ¢'(3) # 0 and ¢”(1) = 0 where g(3) = 1.

p =1 and p = 0 can either be turning points or horizontal inflection points since ¢'(1) = 0,
g"(1) = 0, ¢’(0) = 0 and ¢”(0) = 0. Using the test above it can be shown that for some § > 0,
d"(14+6) <0,¢"(1-6) <0, g"(0+6) >0 and ¢g’(0 —6) > 0, and thus verifies that p = 1 and
p = 0 are turning points. In particular, p = 1 is a maximum turning point and p = 0 is a minimum
turning point. Note that g(p) is relevant to tennis only for 0 < p < 1.

As an interesting exercise in integration we will obtain the integral of g(p) between 0 and 1.
Differentiation gives the gradient function, whereas integration (anti-differentiation) gives the area
under the curve. From observation, it appears that for, 0 < p < 1; g(p) is symmetric about the
square, where the area of a square is base(b) xheight(h). Therefore, the area under the curve should
be equal to %.1 = %, since b = h = 1. Or more formally, by noting that h(p) = g(p + %) - % is an
odd function of p (that is, h(—p) = —h(p) for all p), we see that the area below the curve g(p) for
0 < p <1 (and above the p-axis) is equal to the area above the curve g(p) for 0 < p <1 (and below
the horizontal line one unit above the p-axis). Therefore, the area under the curve should be equal

to % To confirm this, we evaluate

5
/g(p)dp =7p° — 14p% + 10p” — §p8 +C

and conclude that fol g(p)dp=T7T—-14+10—- 32 = 1.

1.5 Markov chain theory

A Markov chain, named for Andrey Markov, is a mathematical system that undergoes transitions
from one state to another (from a finite or countable number of possible states) in a chainlike
manner. It is a random process characterized as memoryless (i.e., exhibiting the Markov property):
The probabilities of the next state depend only on the current state and not on the past. Markov
chains have many applications as statistical models of real-world processes and can be applied to
tennis.

Table 1.4: Scores in a game of tennis represented as states of a Markov chain.

state score state score state score
0 0-0 6  40-0 12 40-30 or ad-in
1 15-0 7 30-15 13 30-30 or deuce
2 0-15 8 15-30 14 30-40 or ad-out
3 30-0 9 0-40 15  game server
4 15-15 10 40-15 16 game receiver
5) 0-30 11 15-40
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Each score in a game of tennis is a state of the system as represented in Table 1.4. Note that
40-30 and ad-in, 30-30 and deuce, and 30-40 and ad-out are equivalent states, which will be proven
in Section 1.6.

Table 1.5: The one-step transition matrix of the Markov chain for a tennis game.

0123 45 6 78 9 10 11 12 13 14 15 16
O /0 pg0OO0OO0OO0OO0OOOTO O O O O 0 O
11000 pg¢g OO0O0O0O0OO0OO0OC O O O O O O
21000 0 p g OO0OO0OO0O0O O O O O 0 O
3100 0 0 OO0 pg¢g OO0 O O O O O 0 O
410 00O0O0OO0O0pP9gOO0 0 0 O 0 0 O
510 0 0 0 0 O0O0O0pPpg O 0 0O O O 0 O
61000 O0O0O0OO0OO0OO0OO0O ¢ O 0O O O p O
710 0 0O0OOOO0OO0OO0OO0O D p 0 0 ¢ 0 0 O
810 0 0O0O0OO0OO0O0OO0OO0OO0O ¢ O p»p 0 0 0
919000 0 00 O0O0OO0OO0O0O p 0 0 0 0 g
0 0 00000000 0O 0 g 0 0 p O
11{o0 o o o0 00 O0O0O0O0O 0O O O 0 p 0 ¢
20 0 0 0000O0OO0OO0OTO0O O O g 0O p O
3106 0 000 00O0O0O0OO0O O p 0 g 0 0
14{0 0 0 0O O0OO0OO0OO0OO0OO0OTO O O » 0 0 ¢
0o 0 00 0600000 0O O O 0 O0 1 O0
6\0 0 0O 0OOOOO0OO0OO0OTO0O O O 0O 0 0 1

The transition matrix given by Table 1.5 includes as its (i,7) entry (i.e., the entry in row i,
column j) the probability P;; that the process will, when in state i, next make a transition into
state j. For example the probability P of going from state 0 (score 0-0) to state 1 (score 15-0) is
p. Similarly, the probability P2 of going from state 0 (score 0-0) to state 2 (score 0-15) is g. Note
that > P =1 for every i, that is, the row sums of the transition matrix are all equal to 1. See
Table 1.4 for the meanings of states 0-16.

We can derive Table 1.5 from Figure 1.7 but it is easier to first modify Figure 1.7 as in Figure 1.10.
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game q 30-30 game
receiver deuce ad-in server
q p
q b q
D q
q p q b q p

Qi ip q p
q p

Figure 1.10: Graphical representation of a game where probabilities of winning a point are
shown at each possible score within the game. This is similar to Figure 1.7 except that three
pairs of states, 40-30 and ad-in, 30-30 and deuce, and 30-40 and ad-out, have been combined.

We have already defined the one-step transition probabilities FP; ;. We now define the n-step
transition probabilities P”; to be the probability that a process in state ¢ will be in state j after
n transitions. The Chapman—Kolmogorov equations provide a method for computing these n-step
transition probabilities, and it is known that the n-step transition matrix may be obtained as the
nth power of the one-step transition matrix. Table 1.6 represents the transition matrix Pfj. For
example, PO% 3 is the probability of being at score line 30-0 from score line 0-0 after two points have
been played. From Table 1.6 this is given as p? as expected. Note that > j Pl"j =1 for each ¢ and
n > 1, that is, the n-step transition matrix has row sums equal to 1.

Using a four-step transition matrix:

e P(server wins to 0) = Pé{m =pt.
e P(receiver wins to 0) = Pél’lﬁ =q*

Using a five-step transition matrix:

e P(server wins to 15) = P05715 — Pél,w = (4p*q +p*) — p* = 4p*q.
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e P(receiver wins to 15) = P&m - Pé{lﬁ = (4¢*p + ¢*) — ¢* = 4q¢*p.
Using a six-step transition matrix:

e P(server wins to 30) = P 5 — (P55 — Pi15) — Piys = PS15— P515 = (10pq® + 4plq + p*) —
(4p*q +p*) = 10p"¢>.

e P(receiver wins to 30) = P§ 15 — (P§16 — Pois) — Pois = Po16 — Po1s = (10¢*p* + 4¢*p +
q¢*) — (4¢'p + ¢*) = 10¢*p*.

e P(game reaches deuce) = P(?,l:} = 20p3¢>.

In the last case, despite the fact that 30-30 and deuce are combined as state 13 in our Markov chain
model, the event of reaching state 13 from state 0 in six steps is equivalent to the event of reaching
deuce, with or without encountering 30-30. See Figure 1.7.

Note the extensive matrix algebra computation to obtain these probabilities of winning prior to
deuce. When the Markov chain process is a binomial experiment (as was demonstrated in Section 1.3
for a game of tennis) the problem can be simplified by recursion formulas, which conveniently can be
applied to spreadsheets (such as Excel) to obtain numerical results. This approach will be adopted
for winning a game in Section 1.6 using backward recursion and Section 1.7 using forward recursion.
Hence recursion formulas are developed in the remaining chapters for winning and the duration of
a match. Note the probability of winning a game using Markov chain theory is outlined in Kemeny
and Snell (1976).
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Table 1.6: The two-step transition matrix of the Markov chain for a game of tennis. See Table 1.4 for the meanings of the states
0

0-16.

O OO OO OO OO oo oo o oo
O O O DD OO OO OO OO oo oo
O O OO OO OO OO OO oo oo
O O OO OO OO OO OO oo oo
O OO OO O OO O OO o oo oo
O OO OO O OO OO oo oo oo

O — AN ™M <10 O
AN <H O O D~ 00 0 A A



1.6. BACKWARD RECURSION 17

1.6 Backward recursion

The calculations presented in prior sections to obtain the probability of the server winning the
game are all based on a path moving forwards, i.e., starting from the value of 0-0, calculating the
probabilities of winning to 0, 15, 30; the probability of reaching deuce; and lastly the probability
of winning from deuce. This approach not only calculates the probability of the server winning the
game, but also obtains probabilities of the server (and receiver) winning to a particular point score.
For example the probability that the server wins the game to 15 was shown to be 4p*q. This can
easily be extended to obtain the probability that the server (or receiver) wins the game after the
first (or the second, third, ...) deuce has been played. These calculations are given numerically
using a forward recursion approach in Section 1.7.

Consider the diagram given in Figure 1.11 which gives a graphical representation of a game
using a ‘backward-path’ (in contrast to a ‘forward-path’ given by Figure 1.7). The starting value

is at deuce; where an explicit formula was obtained in Section 1.2 for the probability of the server
2

2 2.

Let P(a,b) represent the prof)aJi)qility that the server wins the game when the score is (a,b),
where a is the server’s score and b is the receiver’s score. With simple logic, the probability of the
server winning from (40, 30) is then p - 1 + ¢ - P(40,40) = p + qd, since if the server wins the next
point from (40, 30) the server wins the game and if the receiver wins the next point from (40, 30)
the score is at deuce.

Similarly, the probability of the server winning from (30, 40) is given by p- P(40,40)+q-0 = pd.

Likewise, the probability of the server winning from (30, 30) is given by

winning from deuce, namely d =

P(30,30) = p - P(40,30) + ¢ - P(30, 40)
= p(p+qd) + q(pd)
= p” + 2pqd
_ P+ &%) + 2pa(p?)
P+
_ P’ + ¢ +2pq)
P +¢

= d. (1.6.1)

This backward recursive process could continue for the entire game to obtain the probability of
the server winning from (0,0), and hence winning the game from the outset. Backward recur-
sion simplifies calculations to obtain the probability of the server winning the game (compared to
‘forward-path’ approaches). However ‘forward-path’ approaches and in particular the forward re-
cursion process presented in Section 1.7 provides additional information on not just the probability
of the server winning the game but also the probabilities of the server (and receiver) winning to a
particular point score. Hence both backward and forward recursion methods will be used extensively
throughout the remaining chapters depending on the context.
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game
receiver

game
server

Figure 1.11: Graphical representation of a ‘backward-path’ approach to a game.

It is necessary in a tennis match to distinguish between which player is serving, since rotation
of server occurs after each game. Therefore, the notation of a game will extend slightly to represent
which player is currently serving.

More formally, we have two players; player A and player B. Let pa represent the constant
probability of player A winning a point on serve. Let pp represent the constant probability of
player B winning a point on serve. p4 and pg become the two parameters for the model.

Let g4 represent the constant probability of player A losing a point on serve. Let ¢p represent
the constant probability of player B losing a point on serve. It follows that ¢4 = 1 — p4 and
g =1-ppB.

Firstly, we set up a Markov chain model of a single game for player A serving where the state
of the game is the current score in points (thus (40,30) is (3,2)). With probability p4 the state
changes from (a,b) to (a + 1,b), and with probability g4 = 1 — p4 the state changes from (a,b) to
(a,b+ 1), where a and b represent the current point score for player A and player B respectively.

Let P4(a,b) represent the probability that player A wins the game on serve when the score is
(a,b). The backward recursion formula becomes:

Py(a,b) = paPa(a+1,b) + qaPa(a, b+ 1).
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The boundary values are:
1 ifa=4andb <2,

Pa(a.b) =
Ala;0) {0 ifb=4anda<2.

The boundary values and recursion formula can be entered into a simple spreadsheet (such as
Excel and the code is given below). The problem of deuce can be handled in two ways. Since
deuce is logically equivalent to (30,30), a formula for this can be entered in the deuce cell. This
creates a circular cell reference, but the iterative function of Excel can be turned on, and Excel
will iterate to a solution. In preference, an explicit formula was obtained in Section 1.2, namely
Pa(3,3) = p4/ 0% + 4%)-

An alternative way of calculating this explicit formula is by recognizing that the probability of
winning from deuce is in the form of a geometric series

PA(3,3) = p4 + (2paq4)p% + (204q4)*P% + (204q4)°P% + - -

where the first term is pi and the common ratio is 2paga4. The sum is given by pi/(l —2paqa),
provided that —1 < 2paqga < 1. We know that 0 < 2paga < %, for 0 <py <1 with g4 =1 — pa.
Indeed, pa(1 — pa) = i - (% — pa)?, which is clearly maximized and py = % Therefore the
probability of winning from deuce is p% /(1 — 2paga) and as obtained in Section 1.2, this can be
expressed as
_PA
Pi+ai

A similar backward recursion formula with boundary conditions when player B is serving is
as follows. Let pp represent a constant probability of player B winning a point on serve. With
probability pp the state changes from (a,b) to (a,b+ 1), and with probability ¢gg = 1 —pp the state
changes from (a,b) to (a + 1,b), where a and b represent the current point score for player A and
player B respectively.

Let Pg(a,b) represent the probability that player A wins the game when the score is (a, b) given
player B is serving. The backward recursion formula becomes

P4(3,3) =

Pp(a,b) = qgPp(a+1,b) + ppPp(a,b+1).
The boundary values are

1 ifa=4andb <2,

Pg(a,b) =
5(a,) {o ifb=4anda<?2,

7
Ps(3,3) = B
P+ a5

Excel spreadsheet code to obtain the conditional probabilities of player A winning a game on
serve is as follows:

Enter the text py in cell D1.

Enter the text g4 in cell D2

Enter 0.6 in cell E1

Enter =1 — E1 in cell E2

Enter 1 in cells C11, D11 and E11
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Enter 0 in cells G7, G8 and G9
Enter = E1?/(E1% 4 E2?) in cell F10

Enter = $E$1 * C8 + $E$2 x D7 in cell C7

Copy and Paste cell C7 in cells D7, E7, F7, C8, D8, E8, F8, C9, D9, E9, F9, C10, D10 and
E10

Notice the absolute and relative referencing used in the formula
= $ES$1 « C8 + $ES$2 « D7.

By setting up an equation in this recursive format, the remaining conditional probabilities can
easily and quickly be obtained by copying and pasting.

Table 1.7 represents the conditional probabilities of player A winning the game from various
score lines for py = 0.6. It indicates that a player with a 60% chance of winning a point has a 73.6%
chance of winning the game. Note that since ‘advantage server’ is logically equivalent to 40-30, and
‘advantage receiver’ is logically equivalent to 30-40, the required statistics can be found from these
cells. Also worth noting is that the chances of winning from deuce and from 30-30 are the same.
The following theorems will prove these results to illustrate how arguments can be sustained about
the probabilities of winning a game.

Table 1.7: The conditional probabilities of player A winning the game on serve from various
score lines for p4 = 0.6.

B score
0 15 30 40  game

0 0.736 0.576  0.369  0.150 0
15 0.842 0.714 0.515 0.249 0
Ascore 30 0.927 0.847 0.692 0.415 0
40  0.980 0.951 0.877 0.692
game 1 1 1

Theorem 1.6.1. A player has the same probability of winning a game from advantage server as he
or she does from 40-30.

Proof. In both cases, if the server wins the next point he or she wins the game and if he or she loses
the next point the score is back at deuce. O

Theorem 1.6.2. A player has the same probability of winning a game from advantage receiver as
he or she does from 30-40.

Proof. In both cases, if the server loses the next point he or she loses the game and if he or she
wins the next point the score is back at deuce. O

Theorem 1.6.3. A player has the same probability of winning a game from deuce as he or she does
from 30-30.
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Proof. At 30-30 if the server wins the next point the score goes to 40-30. At deuce if the server
wins the next point the score goes to advantage server. From Theorem 1.6.1 advantage server is
equivalent to 40-30. At 30-30 if the server loses the next point the score goes to 30-40. At deuce if
the server loses the next point the score goes to advantage receiver. From Theorem 1.6.2 advantage
receiver is equivalent to 30-40. See also (1.6.1). O

1.7 Forward recursion

In Section 1.6, backward recursion formulas were developed to obtain the probabilities of winning a
game conditional on the point score. In Section 1.7, spreadsheet calculations using forward recursion
formulas are obtained for the probabilities of reaching a point score in a game (e.g., winning the
game to 0). These calculations on reaching score lines can also be used to obtain probabilities of
winning a game from the outset. The basic idea is that we start at the beginning of the game with
an initial value and see what happens as the game progresses.

Let Na(g,h) be the probability of reaching a point score (g,h) in a game from the outset for
player A serving, where g and h represent the projected point score for player A and player B
respectively.

The initial value is N4(0,0) = 1.

The forward recursion formulas are

Na(g,h) =paNa(g—1,h),

ifg=4and 0 < h<2;h=0and1<g<4g9g>3, h>3andg=h+1;9g >3, h>3and
g=h+2;

Na(g,h) = qaNa(g,h — 1),
ifh=4and0<g<2g=0and1 <h<4g9g>3, h>3andh=9g+1;9g >3, h>3and
h =g+ 2; and

NA(ga h) :pANA(g - 17h) =+ QANA(gv h — 1)7
ifl<g<3and1<h<3;9>4, h>4andg=h.
Table 1.8 lists the probability of reaching various score lines in a game from the outset with
pa = 0.6. It indicates that the probability of reaching deuce in such a game is 0.276.

Table 1.8: The probability of reaching various score lines in a game from the outset with
pPaA = 0.6.

B score
0 15 30 40  game
0 1 0.400 0.160 0.064 0.026

15  0.600 0.480 0.288 0.154 0.061

Ascore 30 0.360 0.432 0.346  0.230 0.092
40  0.216 0.346 0.346  0.276
game 0.130 0.207  0.207




22 CHAPTER 1. WINNING A GAME

Similar formulas can be obtained for when player B is serving such that Ng(g, h) represents the
probability of reaching a point score (g, h) in a game from the outset for player B serving, where g
and h represent the projected point score for player A and player B respectively.

The probability of player A winning the game on serve from the outset can be obtained from:

Na(4,0) + Na(4,1) + Na(4,2) + Na(3,3)P4(3,3)
=0.130 + 0.207 4 0.207 4 0.276 - 0.692 = 0.736

when p4 = 0.6. Note that we have used here the value of P4(3,3) = 0.692 obtained from a formula
given in Section 1.2.
After the point score of (3,3) has been reached the recursive formulas tell us that

Na(4,3) =palNa(3,3),
N4(3,4) = qaNa(3,3),
Na(4,4) =paNa(3,4) +qaNa(4,3).

These results can be summarized as
N4(4,4) =2paqaNa(3,3).
This argument can be continued to establish that
Na(n,n) = (2paqa)"°Na(3,3)

for all n > 3.

Now to win a game after any deuce either player must win two consecutive points from deuce.
When player A is serving this occurs with probability p?4 + q124. Thus the completion of the game
after the first deuce whilst serving can be expressed in two equivalent ways:

Na(3,3) = (p4 + ¢4)(NA(3,3) + Na(4,4) + Na(5,5) 4 ---)
= (P4 + A)NA3,3) (1 + 2paga + (2paqa)® +--+)

If we substitute r = 2p4qa, then 0 < r < 1/4 when0 < p4 < 1 and g4 = 1—p4 whilst pi—&—qi =1-r.
By cancelling the term N4 (3,3), which is not zero, we find that 1 = (1 —7r)(1 +7+72+---), a
result that is well known:

Theorem 1.7.1. 1+r+7r2+...=1/(1—7) for -1 <r < 1.



Chapter 2

Winning a match: backward recursion

2.1 Introduction

Chapter 2 extends on Chapter 1 (in Section 1.6) by applying backward recursion to calculate the
probability of winning a tiebreak game from any point score within the game, winning a tiebreak
and advantage set from any point and game score within the set; and winning an all tiebreak set
and final set advantage match from any point, game and set score within the match.

To extend the results of Chapter 1 to so-called tiebreak games and beyond, we introduce some
additional notation — after first noting that:

A tennis match consists of four levels (points, games, sets, match). Games can be standard games
(as presented in Chapter 1) or tiebreak games, sets can be advantage or tiebreak, and matches can
be the best-of-3 all tiebreak sets, best-of-3 final set advantage, best-of-5 all tiebreak sets or the
best-of-5 final set advantage. In some circumstances we may be referring to points in a standard or
tiebreak game and other circumstances points in a tiebreak or advantage set. Therefore, it becomes
necessary to represent:

e points in a game as pg,

e points in a tiebreak game as pgr,

e points in an advantage set as ps,

e points in a tiebreak set as psp,

e points in a best-of-3 all tiebreak set match as pmgsr,

e points in a best-of-3 final set advantage match as pmsg,
e points in a best-of-5 all tiebreak set match as pmsp,

e points in a best-of-5 final set advantage match as pms,
e games in an advantage set as gs,

e games in a tiebreak set as gsr,

e sets in a best-of-3 all tiebreak set match as smgr,

e sets in a best-of-3 final set advantage match as sms.

23
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e sets in a best-of-5 all tiebreak set match as smsp,
e and sets in a best-of-5 final set advantage match as sms.

Using this additional notation:

Let P4(a,b) and PF/(a,b) represent the probabilities that player A wins a game when the score
is (a,b) (a = player A’s point score, b = player B’s point score) given player A and player B are
serving respectively.

At this stage the following notation on a game is introduced which is used throughout the book
where applicable:

Let p‘i and p% represent the probabilities of player A and player B winning a game on serve
from the outset.

Let qi and q% represent the probabilities of player A and player B losing a game on serve from
the outset.

It follows that p% = P49(0,0), p% =1 — P2Y(0,0), ¢% =1 —p% and ¢} =1 — p%.

2.2 Winning a tiebreak game

The tiebreak game differs from a standard game, especially with its feature that the server changes
several times within the game. The scoring structure within a tiebreak game of tennis is defined as
follows: The first player to reach 7 points and be ahead by at least 2 points wins the game. If the
point score reaches 6 points-all, then the game continues indefinitely until one player is two points
ahead, and wins the game. One player serves the first point, and then the players alternate serving
every two points.

Since the chance of a player winning a tiebreak game depends on who is serving, two intercon-
nected sheets are required within the spreadsheet, one for when player A is serving and one for when
player B is serving. Generally, the equations that follow for modelling a tiebreak game, tiebreak
set and advantage set throughout the book are those for player A serving in the game. Similar
formulas can be produced for player B serving in the game.

Let P"(a,b) and PP (a,b) represent the conditional probabilities of player A winning a
tiebreak game from point score (a,b) given player A and player B are serving respectively, where a
is the point score for player A and b is the point score for player B.

Recurrence formulas:

paPy T (a+1,b) + qaPy " (a,b+ 1),
paPy’" (a+1,0) + qaPy’" (a,b+ 1),
) (
) (

(
(
phir 1,b PYT(a,b+1), ifa+bi
pPQT(a b) = qgP, " (a+1,b) +ppP, " (a,b+1), ifa+biseven,
B g PR (a+1,0) + ppPy " (a,b+1), ifa+bis odd.

if a + b is even,

P a,b) =
4 (@) { if @+ b is odd.

Boundary values:

0, ifb=7and0<a<5.
P (a,p) = {1 o= Tand0=0S5
0, ifb=7and0<a<5.
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The formula for the probability of player A winning the tiebreak game from a score (6,6) is
calculated from the equation Png (6,6) = pagp + (papB + quB)ngT (7,7), which simplifies, using

P7(6,6) = PRT(7,7), to:

DY o bA4dB
P 8. 0) = e + dap
Similarly, we find that ngT (6,6) has the same value.

Table 2.1 represents the conditional probabilities of player A winning the tiebreak game on
serve from various score lines for p4 = 0.62 and pp = 0.60. Table 2.2 is represented similarly with
player A winning a tiebreak game from various score lines given player B is serving. It indicates
that player A has a 0.533 probability of winning the tiebreak game from the outset for player A
or player B serving. Note how the calculations are obtained by the interconnection of both sheets.
For example,

Table 2.1: The conditional probabilities of player A winning the tiebreak game on serve from
various score lines for p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6

0.533 0.441 0.295 0.205 0.096 0.044 0.008
0.670 0.530 0.431 0.271 0.174 0.066 0.020
0.755 0.680 0.528 0.417 0.240 0.134 0.032
0.868 0.773 0.695 0.526 0.399 0.197 0.080
0926 0.892 0.798 0.716 0.523 0.372 0.129
0977 0.949 0.921 0.834 0.750 0.521 0.323
0.994 0991 0.975 0.959 0.891 0.818 0.521
1 1 1 1 1 1

A score

OO OO OO

N O Ol W N~ O

PY7(0,0) = paPp’™(1,0) + qa PR (0,1)
= 0.62 - 0.620 + 0.38 - 0.389
— 0.533.

We now state some theorems on probabilities of winning a tiebreak game.

Theorem 2.2.1. A player has the same probability of winning a tiebreak game from all points
(n,n), n > 5.

Proof. From (n,n), n > 5, a player always has to win the next two points to win the game, and
one of the two points is on his own serve and the other point is on his opponent’s serve. ]

Theorem 2.2.2. If player A is serving, he has the same probability of winning a tiebreak game
from all points (n+1,n), n > 5.
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Table 2.2: The conditional probabilities of player A winning the tiebreak game from various
score lines given player B is serving for py = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6

0.533 0.389 0.295 0.166 0.096 0.031 0.008
0.620 0.530 0.374 0.271 0.135 0.066 0.013
0.755 0.626 0.528 0.355 0.240 0.098 0.032
0.834 0.773 0.635 0.526 0.328 0.197 0.052
0.926 0.858 0.798 0.647 0.523 0.286 0.129
0.967 0949 0.890 0.834 0.669 0.521 0.208
0.994 0.985 0.975 0.934 0.891 0.713 0.521
1 1 1 1 1 1

A score

O OO O OO

N O Ul W N~ O

Proof. If the server A wins the next point from (n+ 1,n), n > 5, he wins the game. If the server A
loses the next point from (n+1,n), n > 5, the score is (n+ 1,n+ 1). From Theorem 2.2.1, a player
has the same probability of winning a tiebreaker game from all points (n,n), n > 5, or equivalently
(n+1,n+1), n>4. O

To be clear, in a given tiebreak game, player A serves from (6,5),(8,7),(10,9),... if player A
serves first, and player A serves from (7,6), (9,8), (11,10), ... if player B serves first.

Theorem 2.2.3. If player A is serving, he has the same probability of winning a tiebreak game
from all points (n,n+ 1), n > 5.

Proof. The proof is obtained similarly to Theorem 2.2.2 O

Let pi‘T and pg represent the probabilities of player A and player B respectively winning a
tiebreak game on serve from the outset.
It follows that p%" = P47 (0,0) and p% =1 — PF(0,0).

Theorem 2.2.4. There is no advantage in serving first in a tiebreak game. That is:
piT =1— p%T

Proof. The proof can be obtained combinatorially, by first observing that P4/ (6,6) = P (6,6),

and more generally Pi" (a,b) = PY" (a,b), for a + b even. O
Based on Theorem 2.2.4 it becomes convenient to let p97 and ¢97 = 1 — p97 represent the

respective probabilities of player A and player B winning a tiebreak game from the outset.

2.3 Winning a tiebreak set

The scoring structure of a tiebreak set of tennis is defined as follows. The first player to reach 6
standard games and be ahead by at least 2 standard games wins the set. If the game score reaches
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6 games-all, then a tiebreak game is played to decide the set. Players alternate service each game.
At 6 games-all, the player receiving in the prior game, serves the first point of the tiebreak game.
Let PZST (c,d) and P;ST (¢, d) represent the probabilities of player A winning a tiebreak set from
game score (c,d) given player A and player B are serving respectively, where ¢ is the game score
for player A and d is the game score for player B.
Recurrence formulas:

Py (c,d) = p4 PET (c+ 1,d) + ¢4 PET (¢, d + 1),
PET (¢ d) = ¢h P (¢ 4+ 1,d) + phPST (¢, d + 1),

Boundary values:

95 1, ife=6and 0<d<4;orif (¢,d) = (7,5),
P, " (c,d) = e .

0, ifd=6and0<c<4;orif(c,d) =(57),

PO (¢, d) = 1, ife=6and 0<d<4;orif (¢,d) =(7,5)

v (¢,d) = (5,7)

0, ifd=6and0<c<4;orif (c
PYT(6,6) = p",
PgST (67 6): pgT-

Tables 2.3 and 2.4 show the probabilities of player A winning the tiebreak set, given ps = 0.62
and pp = 0.60. (In Table 2.3, player A is serving, and in Table 2.4, player B is serving.) It indicates
that player A has a 0.568 probability of winning the set from the outset for player A or player B
serving. Notice how the cells p% = P47(0,0) and ¢% = 1— P47(0,0), which represent the probability
of player A winning and losing a game when serving 1respectlve1y7 are used in the recurrence formula
for a tiebreak set.

Table 2.3: The conditional probabilities of player A winning the tiebreak set from various
score lines for p4 = 0.62 and pg = 0.60 given player A is serving.

B score
0 1 2 3 4 5

6

0 0.568 0.497 0.269 0.191 0.052 0.018 0

1 0766 0.563 0.484 0.231 0.146 0.023 0

2 0.824 0.781 0.557 0.469 0.182 0.086 0
Ascore 3 0944 0.846 0.804 0.552 0.448 0.111 0

4 0972 0963 0.877 0.839 0.546 0.419 0

5 0.997 0.988 0.983 0.924 0.897 0.541 0413 0

6 1 1 1 1 1 0.895 0.533

7 1

Let p% and p}J represent the probabilities of player A and player B respectively winning a
tiebreak set on serve from the outset.
It follows that p% = P$°7(0,0) and p3 =1 — P%"(0,0).
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Table 2.4: The conditional probabilities of player A winning the tiebreak set from various
score lines for p4 = 0.62 and pg = 0.60 given player B is serving.

B score
0 1 2 3 4 5

6

0 0.568 0.346 0.269 0.099 0.052 0.006 0

1 0.632 0.563 0.317 0.231 0.065 0.023 0

2 0.824 0.634 0.557 0.279 0.182 0.029 0
Ascore 3 0.879 0.846 0.638 0.552 0.226 0.111 0

4 0972 0.906 0.877 0.646 0.546 0.143 0

5 0.991 0.988 0.944 0.924 0.662 0.541 0.141 O

6 1 1 1 1 1 0.656 0.533

7 1

Theorem 2.3.1. There is no advantage in serving first in a tiebreak set. That is,
pi‘T =1 pSBT_
Proof. The proof can be obtained similar to the proof given in Theorem 2.2.4 O

Based on Theorem 2.3.1 it becomes convenient to let p*7 and ¢°7 = 1 — p°T represent the
respective probabilities of player A and player B winning a tiebreak set from the outset.

Using the formulas given for a game and a tiebreak game conditional on the point score and
a tiebreak set conditional on the game score, calculations are now obtained for a tiebreak set
conditional on both the point and game score as follows.

Let P°"(a,b : ¢,d) represent the probability of player A winning a tiebreak set on serve from
(¢,d) in games and (a, b) in points, and similarly for P5*" (a,b : ¢,d). These can be calculated by:

P (a,b)PE" (c+1,d)

PZST(Q, b:c,d) = + (1 — Pﬁg(a, b))P]%ST(c, d+1), if (¢,d) # (6,6),
P (a,b), if (¢,d) = (6,6),
PP (a,b)Py" (c+1,d)

PZ"(a,b:c,d) = + (1 = P (a,b)) P (c,d + 1), if (c,d) # (6,6),
P (a,b), if (¢,d) = (6,6).

2.4 Winning an advantage set

The scoring structure of an advantage set of tennis is defined as follows. The first player to reach
6 standard games and be ahead by at least 2 standard games wins the set. If the set score reaches
5 games-all, then the set continues indefinitely until one player is two games ahead, and wins the
set. Players alternate service each game.

Let P’ (¢, d) and P{’(c, d) represent the probabilities of player A winning an advantage set from
game score (c,d) given player A and player B are serving respectively, where ¢ is the game score
for player A and d is the game score for player B.
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Recurrence formulas:

P (e,d) = p%PE (c+1,d) + ¢4 PE (e, d + 1),
PP (c,d) = ¢ P5(c+ 1,d) + p5 Py (e, d + 1).

Boundary values:

1, ifc=6and 0<d<4,

P%(e,d) =
A (c,d) {o, if d=6and 0<c<A4,

PE (e, d)= 1, ?fc:6 and 0 < d <4,
0, ifd=6and 0<c<4.
The formula for the probability of player A winning the advantage set from a game score of
(5,5) is calculated from the equation P4°(5,5) = p%q% + (p°%p% + ¢%a%) P7 (6,6), which simplifies,
using P%°(5,5) = P$°(6,6), to:

Phak

PY(5,5) = 72—
4(5:5) Phah + v

Similarly, P%’(5,5) has the same value.

Tables 2.5 and 2.6 show the conditional probabilities of player A winning the advantage set,
given py = 0.62 and pp = 0.60. (In Table 2.5, player A is serving, and in Table 2.6, player B is
serving.) It indicates that player A has a 0.572 probability of winning the set from the outset for
player A or player B serving.

Table 2.5: The conditional probabilities of player A winning the advantage set from various
score lines for p4 = 0.62 and pg = 0.60, and player A serving.

B score
0 1 2 3 4 5

0.572 0.501 0.272 0.194 0.053 0.018

0.769 0.567 0.489 0.235 0.149 0.023

0.827 0.785 0.563 0.474 0.185 0.088

0.945 0.849 0.808 0.558 0.455 0.114

0.973 0.964 0.880 0.843 0.554 0.430

0.997 0.988 0.984 0.926 0.900 0.554
1 1 1 1 1

A score

SOl W N+~ O
SO DO DODO| O™

Theorem 2.4.1. A player has the same probability of winning an advantage set from all games
(n,n), n > 4. If player A is serving, he has the same probability of winning an advantage set from
all games (n 4+ 1,n), n > 4. If player A is serving, he has the same probability of winning an
advantage set from all games (n,n+ 1), n > 4.

Proof. The proof is obtained similar to the proofs given in Theorems 2.2.1 and 2.2.3. 0
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Table 2.6: The conditional probabilities of player A winning the advantage set from various
score lines for p4, = 0.62 and pg = 0.60, and player B serving.

B score
0 1 2 3 4 5)

0.572 0.350 0.272 0.101 0.053 0.006

0.636 0.567 0.322 0.235 0.066 0.023

0.827 0.638 0.563 0.284 0.185 0.030

0.882 0.849 0.643 0.558 0.230 0.114

0.973 0909 0.880 0.653 0.554 0.146

0.991 0.988 0.946 0.926 0.672 0.554
1 1 1 1 1

A score

DO DO OO O

DOl W N~ O

Let p% and pj represent the probabilities of player A and player B respectively winning an
advantage set on serve from the outset.
It follows that p% = P47(0,0) and p$; = 1 — P£°(0,0).

Theorem 2.4.2. There is no advantage in serving first in an advantage set. That is,
pa=1-pp.
Proof. The proof can be obtained similar to the proof given in Theorem 2.2.4. O

Based on Theorem 2.4.2 it becomes convenient to let p® and ¢° = 1 — p® represent the respective
probabilities of player A and player B winning an advantage set from the outset.

Theorem 2.4.3. If py > pp then p* > p°T and if pa < pp then p°® < p°T

Proof. The proof can be obtained combinatorially, by first observing that if p4 > pp then P7’(5,5) >
p97 and if py < pp then P4(5,5) < p9T O

Let Pi°(a,b : ¢, d) represent the probability of player A winning an advantage set from (¢, d) in
games, (a,b) in points and player A serving in the set. P}’(a,b : ¢,d) is defined similarly. These
can be calculated by

P¥(a,b:c,d) = P (a,b)Py (c+1,d) + (1 — Pi%(a,b))P§ (c,d + 1),
P%(a,b:c,d) = P (a,b)PL(c+1,d) + (1 — P (a, b)) Py (c,d + 1).

2.5 Winning an all tiebreak set match

The scoring structure for an all tiebreak set match of tennis is defined as follows. For a best-of-3
all tiebreak set match, the first player to reach 2 tiebreak sets wins the match. For a best-of-5 all
tiebreak set match, the first player to reach 3 tiebreak sets wins the match. Usually the toss of a
coin decides who will be serving the first game of the match. The server for the first game in the
other sets will be the player who was receiving the last game in the prior set. If a set finishes with
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a tiebreak game, then the player that served first in that set, will be receiving for the first game in
the next set.

Let Py (e, f) and P5"*" (e, f) represent the probabilities of player A winning a best-of-3 all
tiebreak set match from set score (e, f) given player A and player B are serving respectively, where
e is the set score for player A and f is the set score for player B.

Similarly, let P3"*" (e, f) and P3"" (e, f) represent the probabilities of player A winning a best-
of-5 all tiebreak set match from set score (e, f) given player A and player B are serving respectively,
where e is the set score for player A and f is the set score for player B.

Corollary 2.5.1. P}"" (e, f) = Py (e, f) and Py (e, f) = P (e, f), for all (e, f)

Proof. This follows from Theorem 2.3.1 since there is no advantage in serving first in a tiebreak
set. O

Based on Corollary 2.5.1 it becomes convenient to let P*"3T (e, f) and P*™57T (e, f) represent
the probabilities of player A winning a best-of-3 and best-of-5 all tiebreak set match from set score
(e, f) respectively and let p™3T and p™T represent the probabilities of player A winning a best-of-3
and best-of-5 all tiebreak set match respectively from the outset.

It follows that p"sT = P$™37(0,0) and p"»T = P57 ((,0).

Formulas are now given for a best-of-5 and best-of-3 all tiebreak set match conditional on set
score (e, f).

Recurrence Formulas:

Pt (e, f) = p*T PP (e + 1, f) + ¢°T PP (e, f 4+ 1),
PST (e, f) = p*T PSST (e + 1, f) + ¢°T P77 (e, f + 1).

Boundary Values:

1, ife=2and f <1,

psmar , —
(/) {O, if f=2ande<1,

1, ife=3and f <2,

Pt (e —
(/) {O, if f=3and e<2.

Table 2.7 shows the conditional probabilities of player A winning a best-of-5 all tiebreak set
match, given p4 = 0.62 and pg = 0.60. It indicates that player A has a 0.626 probability of winning
the match from the outset. It also shows that a small increase on serve for the stronger player
magnifies throughout the match. When p4 = 0.62 and pg = 0.60, this 0.02 increase in probability
on serve for player A, magnifies to a 0.07 increase in probability to win a set, and a 0.13 increase
in probability to win the match.

Theorem 2.5.2. A best-of-3 all tiebreak set match is identical to starting a best-of-5 all tiebreak
set match at 1 set-all. That is,

P (e, f) = P™T (e + 1, f + 1).

Proof. At 1 set-all in a best-of-5 all tiebreak set match the scores are level and 3 sets remain to be
played. The equivalence to a best-of-3 set match is obvious. O
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Table 2.7: The conditional probabilities of player A winning a best-of-5 all tiebreak set match
from various score lines for p4, = 0.62 and pg = 0.60.

B score
0 1 2

3
0 0.626 0421 0.183 O
0
0

Ascore 1 0.782 0.601 0.323
2 0919 0.813 0.568
3 1 1 1

Using the formulas given for a tiebreak set conditional on the point and game score and a best-
of-5 all tiebreak set match conditional on the set score, calculations are obtained for a best-of-5 all
tiebreak set match conditional on the point, game and set score as follows.

Let P (a,b: ¢,d : e, f) represent the probability of player A winning a best-of-5 all tiebreak
set match on serve from (e, f) in sets, (¢,d) in games and (a,b) in points, and define P5"*" (a,b :
¢,d : e, f) similarly. These can be calculated by:

P (a,b:c,d e, f)

=P (a,b:c,d)P™T(e+ 1, f) + (1 — P (a,b: ¢,d))P*™7T (e, f + 1),
PR (a,b:c,d e, f)

=Py (a,b:c,d)P™T(e+1,f) + (1 — P (a,b: c,d) P (e, f +1).

When p4 = pp, players are of equal strength and the probabilities of either player winning a
set or match is 0.5. When py = 1 — pp, there is no advantage in serving, since either player has
the same probability of winning a point regardless of whether they are serving or receiving. Hence,
this becomes a one parameter model, where a player has a constant probability of winning a point
throughout the match.

2.6 Winning a final set advantage match

The scoring structure of a final set advantage match of tennis is defined as follows. For a best-of-5
final set advantage match, the first player to reach 3 sets wins the match. The first 4 sets are
tiebreak sets and the 5th set is played as an advantage set. For a best-of-3 final set advantage
match, the first player to reach 2 sets wins the match. The first 2 sets are tiebreak sets and the 3rd
set is played as an advantage set. The serving is defined the same as an all tiebreak set match.

Let Py (e, f) and Pg" (e, f) represent the probabilities of player A winning a best-of-3 final
set advantage match from set score (e, f) given player A and player B are serving respectively,
where e is the set score for player A and f is the set score for player B.

Similarly, let P3™* (e, f) and P5™ (e, f) represent the probabilities of player A winning a best-of-
5 final set advantage match from set score (e, f) given player A and player B are serving respectively,
where e is the set score for player A and f is the set score for player B.

Corollary 2.6.1. P (e, f) = Py (e, f) and P3™ (e, f) = P (e, f), for all (e, f).

Proof. This follows from Theorems 2.3.1 and 2.4.2 since there is no advantage in serving first in a
tiebreak or advantage set. O
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Based on Corollary 2.6.1 it becomes convenient to let P*™3(e, f) and P*™5 (e, f) represent the
probabilities of player A winning a best-of-3 and best-of-5 final set advantage match from set score
(e, f) respectively and let p™3 and p™5 represent the probabilities of player A winning a best-of-3
and best-of-5 final set advantage match respectively from the outset.

It follows that p"® = P*™3(0,0) and p" = P*™5(0,0).

Formulas are now given for a best-of-5 and best-of-3 final set advantage match conditional on
set score (e, f).

Recurrence Formulas:

P (e, f) = pr PP (e + 1, f) + ¢*T PP e, f £ 1),
P (e, f) = pr PP (e + 1, f) + "1 PP (e, f + 1).

Boundary Values:

Pma(e, ) = 1, ife=2and f =0,
0, if f=2ande=0,

P(L1) = 5,

P (e, f) = 1, %fe:?)andfgl,
0, if f=3ande <1,

Pom5(2,2) = pt.

Table 2.8 shows the conditional probabilities of player A winning a best-of-5 final set advantage
match, given p4 = 0.62 and pp = 0.60. It indicates that player A has a 0.627 probability of winning
the match from the outset.

Table 2.8: The conditional probabilities of player A winning a best-of-5 final set advantage
match from various score lines for p4 = 0.62 and pp = 0.60.

B score
0 1 2 3

0 0.627 0422 0.184 0

Ascore 1 0.783 0.603 0.325 0
2 0920 0815 0.572
3 1 1

Theorem 2.6.2. A best-of-3 final set advantage match is identical to starting a best-of-5 final set
advantage match at 1 set-all. That is:

P™3(e, f) = P75 (e + 1, f + 1).

Proof. At 1 set-all in a best-of-5 final set advantage match the scores are level and 3 sets remain to
be played. The equivalence to a best-of-3 set match is obvious. ]

Theorem 2.6.3. If py > pp then p™ > p™T and if pa < pp then p™ < p™T
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Proof. The proof can be obtained similarly to the proof given in Theorem 2.4.3 O

Using the formulas given for a tiebreak and advantage set conditional on the point and game
score and a best-of-5 final set advantage match conditional on the set score, calculations are obtained
for a best-of-5 final set advantage match conditional on the point, game and set score as follows.

Let Pi™ (a,b : ¢,d : e, f) represent the probability of player A winning a best-of-5 final set
advantage match on serve from (e, f) in sets, (¢,d) in games and (a,b) in points, and define
PE"™(a,b:c,d: e, f) similarly. These can be calculated by:

P (a,b:c,d: e, f)
PZST (a,b:c,d)P*™5 (e + 1, f)
= + (1= Py (ab:c,d))P (e, f + 1), if (e, f) # (2,2),
st(a,b L C, d), if (e,f) = (272)7
Po™(a,b:c,d: e, f)
PR (a,b: e, d) P (e + 1, f)
= + (1= PR (a,b:c,d) P (e, f+1), if (e, f) # (2,2),
Pgs(aﬂb:C?d)a if (eaf) = (272)



Chapter 3

Winning a match: forward recursion

3.1 Introduction

Chapter 3 extends on Chapter 1 (in Section 1.7) by applying forward recursion to calculate proba-
bilities of reaching a specific point score from any point score within a game. Calculations are also
obtained for reaching a specific point score from any point score within a tiebreak game, reaching
a specific game score from any point and game score within a tiebreak and advantage set, and
reaching a specific set score from any point, game and set score within an all tiebreak set and final
set advantage match.

3.2 Winning a game

Let N%(g,h | a,b) be the probability of reaching a point score (g, k) in a game from point score
(a,b) for player A serving, where a and b represent the current point score for player A and player B
respectively, and g and h represent the projected point score for player A and player B respectively.
The forward recursion formulas, assuming a < g and b < h, are:
If a = g and b = h, then N%9(g,h | a,b) = 1, otherwise

N%¥(g,h | a,b) =paN%(g—1,h|a,b)

ifg=4and 0 < h<2;orifh=0and 1 <g<4;orifg>3, h>3andg=h+1;o0rif g > 3,
h>3and g=h+2;
Nzg(g7h|aab)ZQANﬁg(gvh_1‘CL?b)

ifh=4and 0<g<2orifg=0and 1 <h<4;orifg>3, h>3and h=g+1;orif g >3,
h>3and h=g+2;

N¥(g,h | a,b) =paN¥(g—1,h|a,b) +qaN{(g,h —1|a,b)
ifl<g<3and1<h<3;orifg>4,h >4, and g =h; and
N%9(0,00,0) = 0.

Note that since each cell will either be an initial value (when a = g and b = h) or a recursion
formula, the use of ‘IF’ statements are required to implement these formulas in a spreadsheet. Also
note that the formulas shown in Section 1.7 are just the special case where a = 0 and b = 0.

35
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3.3 Winning a tiebreak game

Let N%"(g,h | a,b) represent the probabilities of reaching a point score (g, h) in a tiebreak game
from point score (a, b) for player A serving at (a,b), where a and b represent the current point score
for player A and player B respectively, and g and h represent the projected point score for player
A and player B respectively. Of course, a < g and b < h.

Recurrence formulas:

If a = g and b = h, then N4 (g, h | a,b) = 1, otherwise

paN" (g —1,h|a,b), if (a+b) mod4 =0or3,

NpgT 7h a,b —
A (9,0 ]a,b) {qBNﬁgT(g_l,ha,b), if (a+b) mod 4 = 1 or 2,

for (g,h) = (1,0); (4,0); (5,0); (7,1); (7,2); (7,5); g > 6,h > 6, g =h +1 and (g + h) mod 4 = 1;
g>6,h>6,g=h+2and (g+h) mod 4 = 0;

agNY" (g —1,h | a,b), if (a+b) mod 4 =0 or 3,

NpgT 7h a,b:
A (9,0 ] a,b) {pANﬁgT(g—l,h|a,b), if (a+b) mod 4 = 1 or 2,

for (g,h) = (2,0); (3,0); (6,0); (7,0); (7,3); (7,4); g >6,h >6,g=h+1and (g+ h) mod 4 = 3;
g>6,h>6,g=h+2and (g+h) mod 4 = 2;

gaN"(g,h — 1] a,b), if (a+b) mod 4 =0 or 3,

NpgT ’h a,b —
A (g, h | ) {pBNZQT(g7h—1|a,b), if (a4+b) mod 4 =1 or 2,

for (g,h) = (0,1); (0,4); (0,5); (1,7); (2,7); (5,7); g >6,h >6,h=g+ 1 and (g + h) mod 4 = 1;
g>6,h>6,h=g+2and (g+h) mod 4 = 0;

peN"(g,h —1|a,b), if (a+b) mod4 =0 or 3,

NpgT ’h a,b:
e et {QANZgT(g,h—lla,b), if (a +b) mod 4 = 1 or 2,

for (g,h) = (0,2); (0,3); (0,6); (0,7); (3,7); (4,7); g >6,h>6,h=g+1and (g+h) mod 4 = 3;
g>6,h>6,h=g+2and (g+h) mod 4 = 2;

qsN3" (g —1,h | a,b) + ppNi"(9,h — 1| a,b)
if (a +b) mod 4 = 0 or 3,

paNY" (g —1,h | a,b) + qaN" (g,h — 1] a,b)
if (a+b) mod 4 =1 or 2,

1); (1,2); (4,2); (5,2); (3,3); (4,3); (2,4); (3,4); (6,4); (1,5);
6)g>6h26g h and (g + h) mod 4 = 2;

N (g,h | a,b) =

for (g,h) = (171) (271)’ (571)a (67
(2,5); (5,5); (6,5); (1,6); (4,6); (5,
paN¥" (g —1,h | a,b) + qaN{" (g,h — 1] a,b)
if (a4 b) mod 4 = 0 or 3,
NP (9 —1,h ] a,b) +ppNY"(g9,h — 1| a,b)
if (a4+b) mod 4 =1 or 2,

N (g, h | a,b) =

for (g,h) = (3,1); (4,1); (2,2); (3,2); (6,2); (1,3); (2,3); (5,3); (6,3); (1,4); (4,4); (5,4); (3,5);
(4,5); (2,6); (3,6); (6,6); g >6,h >6, g=h and (g + h) mod 4 = 0; and

N%97(0,0 | 0,0) = 0.
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Tables 3.1 and 3.2 list the probability of reaching various score lines (g, h) in a tiebreak game
from (a = 0, b = 0) for player A and player B serving respectively at (a = 0, b = 0), with pg = 0.62
and pp = 0.60. It indicates that the probability of reaching 6 points-all in such a tiebreak game is

given by 0.231 for player A or player B serving from the outset.

Table 3.1: The probability of reaching various score lines (g,h) in a tiebreak game from
(a =0, b=0) with py = 0.62 and pg = 0.60, for player A serving at (a =0, b = 0).

0 1

2

B score
3

4

5

6

7

1 0.380
0.620 0.524
0.248 0.358
0.099 0.260
0.062 0.185
0.038 0.097
0.015 0.048
0.006 0.030

A score

O Ul N~ O

0.228
0.406
0.388
0.339
0.246
0.157
0.115
0.071

0.137
0.239
0.295
0.322
0.276
0.231
0.187
0.075

0.052
0.123
0.226
0.284
0.281
0.262
0.217
0.087

0.020
0.082
0.169
0.212
0.238
0.252
0.231
0.143

0.012
0.054
0.097
0.141
0.199
0.231
0.231

0.007
0.020
0.037
0.085
0.120
0.088

Table 3.2: The probability of reaching various score lines (g, h) in a tiebreak game from
(a =0, b=0) with ps = 0.62 and pp = 0.60, for player B serving at (a =0, b = 0).

0 1

2

B score

3

4

5

6

7

1 0.600
0.400 0.524
0.248 0.419
0.154 0.260
0.062 0.141
0.025 0.097
0.015 0.066
0.009 0.026

A score

N O Tl W N~ O

0.228
0.340
0.388
0.311
0.246
0.189
0.115
0.046

0.087
0.239
0.328
0.322
0.293
0.231
0.162
0.100

0.052
0.164
0.226
0.263
0.281
0.251
0.217
0.134

0.031
0.082
0.137
0.212
0.253
0.252
0.239
0.096

0.012
0.038
0.097
0.166
0.199
0.220
0.231

0.005
0.023
0.058
0.063
0.076
0.132

Let N297 (g, h) represent the probabilities of reaching a point score (g, h) in a tiebreak game from
the outset for player A serving at the outset of the game. It follows that N%" (g, h) = N7 (g, h |

0,0).

The probability of player A winning the tiebreak game from the outset can be obtained from:

NR(7,0) + NRIT(7,1) + NRIT(7,2) + NBIT(7,3) + NBIT(7,4) + NBT(7,5)

+ NR97(6,6) PRI7(6,6).
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3.4 Winning a tiebreak set

Let N7 (4,7 | ¢, d) represent the probabilities of reaching a game score (i, j) in a tiebreak set from
game score (¢, d) for player A serving at (c,d), where ¢ and d represent the current game score for
player A and player B respectively, and i and j represent the projected game score for player A
and player B respectively. Of course, ¢ < ¢ and d < j.

Recurrence formulas:

If c=iand d = j, then N{7 (i, | ¢,d) = 1, otherwise

PANST (i —1,5 | ¢,d) if (c+d) is even,

NgST i, . C,d —
v led {quNflST(i_ L,jlecd) if (c+d)is odd,

for (i,j):(l,O); (370)5 (570); (6’ 1); (673); (6’5);

¢ENYT(i— 1,5 ] e,d) if (c+d) is even,

NgST i, ) C,d =
A ( ]‘ ) {piNisT@_lvj‘cvd) jf(c+d) is odd,

for (iaj):(2’0); (47 0)5 (670); (6’ 2); (674); (7’ 5);

NG (4,5 —1|¢e,d) if (c+d) is even,

NgST 7:7 y C,d =
A ( ]‘ ) {p%NgST(i,j—l‘Qd) jf(c+d) is odd,

for (iaj):(oal); (073)5 (075); (1’6); (376); (5’6);

PENTT (4,5 —1]¢,d) if (c+d) is even,

NgST 7:7 y c’d =
A ( J‘ ) {q%NﬁST(i,j—llcad) jf(c+d) is odd,

for (iaj):(0a2); (074)5 (076); (2’6); (476); (5’7);

p%NgST(i - 1aj ’ ¢, d) +q,g4N,€18T(i)j -1 | ¢, d)
if ¢+ d is even,

apNG " (i — 1,5 e, d) +pp N7 (6,5 — 1| c,d)
if ¢+ d is odd,

NP (64| e,d) =

for (i,7)=(2,1); (4,1); (1,2); (3,2); (5,2); (2,3); (4,3); (1,4); (3,4); (5,4); (2,5); (4,5);

Q%NgST(Z - 17] ’ C,d) +p%Ng8T(Zvj -1 | ¢, d)
if ¢+ d is even,

PONTT (i =15 | e,d) +g4NTT (i, 5 — 1] ¢,d)
if ¢+ d is odd,

N7 (i, | e, d) =

for (4, 7)=(1,1); (3,1); (5,1); (2,2); (4,2); (1,3); (3,3); (5,3); (2,4); (4,4); (1,5); (3,5); (5,5); (6,6);

NgST(7,6 ‘ c, d) :pgTNgST(i —1,7 ‘ c, d),
NP (6,7 ¢,d) = ¢!T N (4,5 — 1] ¢,d),
N97(0,00,0) = 0.

in a tiebreak set from

Tables 3.3 and 3.4 list the probability of reaching various score lines (i, 7)
=0), with p4 = 0.62 and

(c=0, d =0) for player A and player B serving respectively at (¢ = 0, d
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Table 3.3: The probability of reaching various score lines (7, j) in a tiebreak set from (¢ = 0,

d = 0) with p4 = 0.62 and pp = 0.60, for player A serving at (¢ =0, d = 0).

0

1

2

B score
3

4

5

6

0.776
0.205
0.159
0.042
0.033
0.009

A score

N O Ul W~ O

0.224
0.630
0.535
0.258
0.210
0.079
0.062

0.165
0.269
0.465
0.418
0.265
0.223
0.039

0.037
0.208
0.265
0.378
0.353
0.258
0.200

0.027
0.068
0.213
0.250
0.326
0.310
0.082

0.006
0.051
0.088
0.207
0.234
0.290
0.225
0.059

0.004
0.012
0.064
0.046
0.172
0.065
0.183
0.097

0.048
0.085

Table 3.4: The probability of reaching various score lines (7, j) in a tiebreak set from (¢ = 0,

d =0) with p4 = 0.62 and pg = 0.60, for player B serving at (¢ =0, d = 0).

0

1

2

B score
3

4

5

6

0.264
0.205
0.054
0.042
0.011
0.009

A score

O Ul N~ O

0.736
0.630
0.317
0.258
0.099
0.079
0.021

0.165
0.507
0.465
0.313
0.265
0.128
0.100

0.121
0.208
0.397
0.378
0.295
0.258
0.068

0.027
0.160
0.213
0.334
0.326
0.276
0.214

0.020
0.051
0.170
0.207
0.294
0.290
0.077
0.059

0.004
0.038
0.038
0.152
0.066
0.213
0.183
0.097

0.048
0.085

pp = 0.60. It indicates that the probability of reaching a tiebreak game in such a tiebreak set is

given by 0.183 for player A or player B serving from the outset.

Let N7 (g, h) represent the probabilities of reaching a game score (g, h) in a tiebreak set from
the outset for player A serving at the outset of the set. The probability of player A winning the
tiebreak set from the outset can be obtained from:

NYT(6,0) + NPT(6,1) + NY7(6,2) + N3 (6,3) + N7 (6,4)

+ N§7(7,5) + NJ7(7,6).

Let N7 (4,7 | a,b: ¢,d) represent the probabilities of reaching a game score (i, j) in a tiebreak
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set from point and game score (a,b : ¢, d) for player A serving at (a,b). Then

P9 (a, b)NET (i, | ¢ + 1, d)

4 (1= PP(a,b))NET(ij | c,d+1)  if (c,d) # (6,6),
Png(a, b)N]g;T(i,j |c+1,d)

4 (1= PR (a, b))NET (i, | e,d+ 1) if (c,d) = (6,6),

N (i,5 | a,b:e,d) =

For example with p4, = 0.62 and pg = 0.60:

NY7T(6,3]1,0:3,2) = PL9(1,0)NE7 (6,3 | 4,2) + (1 — PLY(1,0))NE7"(6,3 | 3,3)
= 0.870-0.167 4 0.130 - 0.054
= 0.152.

3.5 Winning an advantage set

Let N%°(4,7 | ¢,d) represent the probabilities of reaching a game score (4,7) in an advantage set
from game score (¢, d) for player A serving at (c,d), where ¢ and d represent the current game score
for player A and player B respectively, and g and h represent the projected game score for player
A and player B respectively. Of course ¢ <i and d < j.

Recurrence formulas:

If c=iand d = j, then N§(i, | ¢,d) = 1, otherwise

PUNS (i —1,5]c,d) if c+dis even,

Ngs 7:7 ] C,d =
alhgted {Q%Ngs(i_l’ﬂcyd) if ¢+ d is odd,

for (7,7)=(1,0); (3,0); (5,0); ( ,0);1>6,5>6andi=j+1;
N9 (i, j | erd) NQZZ—1j|Cd) ?fc+d%seven,
AN (i —1,5|c,d) ifc+dis odd,

for (i,7)=(2,0); (4,0); (6,0); ;9>5,j5>5and i =j+2;

N9 | d) = gNgg‘: —1]¢d) %fc—i—d?seven,
pENY (i, —1] ¢, d) if c+dis odd,

for (i,7)=(0,1); (0,3); (0,5); 5,6);1>6,j>6and j =i+ 1;
N9 | e d) = prNg: j—11]e¢d) ?fc—i—d%seven,
SNY (.5 —1 e, d) if c+dis odd,

for (i,7)=(0,2); (0,4); (0,6); (2,6); (4,6); ¢ >5,j >5and j =1+ 2;

PINS (=15, d)+ 4N (,j—1]¢c,d) if c+dis even,

N%(i,5 | e,d) =
albiled {q%st(z’—Lj\c,d)+prNgs(z’,j—1|c,d) if ¢+ d is odd,

for (i,7)=(2,1); (4,1); (1,2); (3,2); (5,2); (2,3); (4,3); (1,4); (3,4); (5,4); (2,5); (4,5);

¢ENC(i— 1,5 e, d) +pENY (6,5 — 1] e,d) if c+d is even,

N%(i,5 | e,d) =
a(biled {pngg""(z'1,j|c,d)+qiNgs(z‘,j1c,d) if ¢ +d is odd,
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for (i, 7)=(1,1); (3,1); (5,1); (2,2); (4,2); (1,3); (3,3); (5,3); (2,4); (4,4); (1,5); (3,5); (5,5); (6,6);
1>7,7>7and ¢ =j; and
N%(0,00,0) = 0.

Let N%°(g,h) represent the probabilities of reaching a game score (g,h) in an advantage set
from the outset for player A serving at the outset of the set. The probability of player A winning
the advantage set can be obtained from:

N9 (6,0) + N9(6,1) + N9°(6,2) + N%(6,3) + N9°(6,4) + N9 (5,5) PJ*(5,5).

Let N%°(4,j | a,b : ¢, d) represent the probabilities of reaching a game score (i, j) in an advantage
set from point and game score (a, b : ¢, d) for player A serving at (a,b). Then
Nf‘s(i,j |a,b:ec,d) = Pzg(a,b)N%s(i,j |e+1,d)
+ (1 - Pﬁg(aa b))Ngs(Za] | Cy d+ 1)

3.6 Winning an all tiebreak set match

Let N"™sT(k 1 | e, f) represent the probabilities of reaching a set score (k,l) in a best-of-5 all
tiebreak set match from set score (e, f), where e and f represent the current set score for player A
and player B respectively, and k and [ represent the projected set score for player A and player B
respectively. Of course, e < k and f <.

Recurrence formulas:

If e=k and f =1, then N*sT (k[ | e, f) = 1, otherwise

N (kL e, f) = p" N*™ (k= 1,1 e, f),
ifk=3and0<I<2;l=0and 1<k <3;
N (kL e, f) = ¢*" N*"™ " (k, L =1 e, f),
ifl=3and 0<k<2;k=0and 1 <[ <3;
NST (kL e, f) =p* TN (k— 1,1 | e, f) + ¢°*TN™T (k,l — 1| e, f),

ifl<k<2and1<I1<2;
N®™7(0,00,0) =0.

Table 3.5 lists the probability of reaching various score lines (k,[) in a best-of-5 all tiebreak set
match from (e =0, f = 0) with p4 = 0.62 and pg = 0.60.

Let N*™sT (k, 1) represent the probabilities of reaching a set score (k,[) in a best-of-5 all tiebreak
set match from the outset. The probability of player A winning a best-of-5 all tiebreak set match
from the outset can be obtained from:

N?®T(3,0) + N¥™5T (3,1) + N¥™5T (3, 2).

Let N3™7(k,l | a,b: ¢,d : e, f) represent the probabilities of reaching a set score (k,l) in a
best-of-5 all tiebreak set match from point, game and set score (a,b: ¢,d : e, f) for player A serving
at (a,b). Then

N (k| @b e,d e, f) = PR (abs e, )N (k1| e +1, f)
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Table 3.5: The probability of reaching various score lines (k,[) in a best-of-5 all tiebreak set
match from (e =0, f =0), with ps = 0.62 and pg = 0.60.

B score
0 1 2 3

0 1 0.432 0.187 0.081

Ascore 1 0568 0.491 0.318 0.137
2 0323 0418 0.361 0.156
3 0183 0.237  0.205

+ (1= PP (a,b: ¢, d))NT (k,1 | e, f+ 1)
For example with py = 0.62 and pp = 0.60:

N§™T(3,211,0:3,2:2,1) = PE*7(1,0: 3,2)N*™57(3,2 | 3,1)
+(1— PET(1,0: 3,2))N*™57(3,2 | 2,2))
= 0.835-0 + (1 — 0.835) - 0.568
= 0.094.

3.7 Winning a final set advantage match

Let N*™3(k,l | e, f) represent the probabilities of reaching a set score (k,[) in a best-of-5 final set
advantage match from set score (e, f), where e and f represent the current set score for player A
and player B respectively, and k and [ represent the projected set score for player A and player B
respectively. Of course, e < k and f <.

Recurrence formulas:

If e=Fk and f =1, then N5 (k,l | e, f) = 1, otherwise

PTNS(k— 1,1 | e, f) if1<k<3andl=0; k=3 1=1,
@’ N*™5 (k0 — 1| e, f) if1<i<3andk=0;k=1,1=3,
PNk~ 11| e, f)

L@ TN (kl—1] e f) if1<k<2and1<[<2,
PN (k—1,1]e, f) ifk=3,1=2,
@GN (k0 —1] e, f) ifl=3, k=2,

N5 (k| e, f) =

N*™5(0,0 | 0,0) = 0.

Table 3.6 lists the probability of reaching various score lines (k,) in a best-of-5 final set advan-
tage match from (e =0, f = 0), with p4 = 0.62 and pp = 0.60.

Let N*"5(k,[) represent the probabilities of reaching a set score (k,l) in a best-of-5 final set
advantage match from the outset. The probability of player A winning a best-of-5 final set advantage
match from the outset can be obtained from:

N®5(3,0) + N5 (3,1) + N*75(3,2).
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Table 3.6: The probability of reaching various score lines (k,1) in a best-of-5 final set advan-
tage match from (e =0, f =0), with ps = 0.62 and pp = 0.60.

B score
0 1 2 3

0 1 0.432 0.187 0.081

Ascore 1 0568 0.491 0.318 0.137
2 0323 0418 0.361 0.155
3 0.183 0.237  0.207

Let Ny (k,l | a,b : c,d : e, f) represent the probabilities of reaching a set score (k,[) in a
best-of-5 final set advantage match from point, game and set score (a,b : ¢,d : e, f) for player A
serving at (a,b). Then

szs(k,l la,b:c,d:e, f)= PgST(a,b s, d)N*™ (k1 e+ 1, f)
(L= PR (b, d)NTS(,1 e, f+ 1),

if (e, f) # (2,2).

Ny (kU] ab:c,d:e, f)=P(a,b:c,d) N (k,l|e+1,[)
£ (1= Pab: e, d)N5 (| e, f + 1),

if (e, f) = (2,2).
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Chapter 4

Duration of a game

4.1 Introduction

Chapter 4 obtains calculations for the duration of a game. This consists of two distributions;
namely the distribution of the total number of points played in a game from any point score
within the game and the distribution of the number of points remaining in the game from any
point score within the game. The results obtained in Section 3.2 on the probability of reaching a
specific point score from any point score within the game are used to obtain the results for both
distributions, and hence the connection between chances of winning and duration. Chapter 4 also
obtains calculations for the parameters of distribution. Two parameters of distribution (mode and
median) are obtained in Section 4.3. Four parameters of distribution (mean, variance, coefficient
of skewness and coefficient of kurtosis) are obtained in Section 4.4 from the outset of the game,
and two parameters of distribution (mean and variance) are obtained in Section 4.6 from any point
score within the game. The techniques to obtain these calculations consist of the binomial theorem,
generating functions, forward recursion and backward recursion.

4.2 Binomial theorem

Suppose we wish to determine the distribution of the total number of points played in a game from
the outset; that is: “What is the probability of playing 4, 5, 6, 8, 10 ... points?”. It was established
in Section 1.3 using the binomial theorem, that the probability of player A winning the game to 0 on
serve is given by pfﬁ. Similarly the probability of player B winning the game to 0 given player A is
serving is qj‘;l. This implies that the probability of playing exactly 4 points in the game given player
A is serving is pj + qj‘z‘ (since 4 points are required for either player A or player B to win the game
to 0). Similarly, the probability of playing exactly 5 points in the game is 4p‘jq A +4qj44p 4. Similarly,
the probability of playing exactly 6 points in the game is 10pf‘4q124 + IOqui. The probability of
reaching deuce was obtained as QOpiqi. Therefore the probability of playing exactly 8 points is
obtained as 20p§_}q§1(p124 + q124). Similarly the probability of playing exactly 10 points is obtained
as 20p%q3 (P + ¢4)(2paqa). Similarly the probability of playing exactly 12 points is obtained as
20p%q% (P4 + ¢4)(2paga)?®. Therefore the probability of playing = points (z = 8,10,12,14,...) is
obtained as 20p%¢3 (p% + q%)(2pAqA)(‘”*8)/2.

More formally, let X%’ be a random variable representing the total number of points played in
a game from the outset for player A serving. Let

i (@) = P(XY = x)

45
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be the distribution of X%?. This distribution is given as follows.
1(4) = pa + di,
F12(5) = 4phqa + 4qapa,
FR(6) = 10p}aai + 1044075,
14 (x)

(z) = 20p° % (P4 + ¢4) (2paga) @Y/

. 1=8,10,12,....

Figure 4.1 represents the distribution graphically of the total number of points played in a game
from the outset for py = 0.6. Notice how the blue colour is the chances of player A winning the
game and the maroon colour is the chances of player B winning the game. For example, the chances
of player A winning the game to 15 is given by the frequency distribution of blue for 5 total points
played. This numerical value is 20.74%. Similarly, the chances of player B winning the game to 15
is given by the frequency distribution of maroon for 5 total points played. This numerical value is
6.14%. Therefore, the game finishing with either player winning to 15 (or 5 total points played) is
given by 20.74% + 6.14% = 26.9%.

35%

30%

25%

20%

15%

10%
o b -

4 5 6 7 8 9 10 |11 |12 | 13 | 14 |15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28
‘lPIayerA 13,0%20,7%20,7% 0,0% 10,0% 0,0%  4,8% |0,0% |2,3% |0,0% | 1,1% 0,0% |0,5% | 0,0% |0,3% | 0,0% 0,1%|0,0%|0,1% |0,0% | 0,0% 0,0% |0,0% | 0,0% | 0,0%
‘lPIayerB 2,6%6,1%9,2%|0,0% |4,4%|0,0% | 2,1%|0,0% | 1,0% |0,0% | 0,5% | 0,0% | 0,2% | 0,0% | 0,1% | 0,0%  0,1%|0,0% | 0,0% | 0,0% | 0,0% 0,0% | 0,0% | 0,0% | 0,0%

Figure 4.1: The distribution of the total number of points played in a game from the outset
for pa = 0.6.

4.3 Median and mode

The mean, median and mode are all measures of central tendency in statistics. In different ways
they each tell us what value in a data set is typical or representative of the data set. For a random
variable X, the mean is the average value of X, the median is the lowest value of X where the
cumulative probability is greater than or equal to 0.5 and the mode is the most likely value of X.
The following example of a game when p = 0.6 (in reference to Figure 4.1) is used to obtain the
median and mode. The first observation is that the distribution appears to be skewed to the right
due to the possibility of playing ‘many’ deuces. This observation is fundamental to Chapter 9 on
determining suitable alternate scoring systems to reduce the likelihood of ‘long’ matches occurring.
When a distribution is skewed to the right the median is less than the mean since the mean is more
sensitive to extreme values. The median is obtained as 6 since:

f47(4) = 0.156 (cumulative 0.156 < 0.5)

f49(5) = 0.268 (cumulative 0.424 < 0.5)

f37(6) = 0.299 (cumulative 0.723 > 0.5)

The mean is obtained in Section 4.4 as 6.48, which shows that the distribution is right skewed
since the median is less than the mean. It can be observed from Figure 4.1 that the mode is also 6
and can be verified from the results above when obtaining the median.
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4.4 Generating functions

Suppose we wish to calculate the mean (average value) of the total number of points played in a
game. Using a standard formula for calculating the mean value of a discrete distribution, this can
be calculated by
p=EB(XE) =Y aff(a).
X
Similarly the variance (standard deviation squared) of the total number of points played in a game
can be calculated by

2
= B ~ (BOR) = ) — (L)
x
which is recognized as a measure of the dispersion of a set of data from its mean. Both the mean
and the variance contain important information to describe the shape of the distribution and these
characteristics could be used to compare one distribution to another. For example, comparing
the mean and variance of a tiebreak set to an advantage set to identify why ‘long’ matches can
occur. However, if a distribution is not symmetric (as typically occurs in a game and an advantage
set) the mean and variance do not ‘adequately’ describe the shape of the distribution. Two other
characteristics that are used to describe the distribution and measure risk are skewness and kurtosis.
Skewness is a measure of symmetry, or more precisely, the lack of symmetry. A distribution, or
data set, is symmetric if it looks the same to the left and right of the center point. Kurtosis is
a measure of whether the data are peaked or flat relative to a normal distribution. In order to
calculate the skewness and kurtosis, it becomes convenient to work with generating functions, as
the four characteristics (mean, variance, skewness and kurtosis) can readily be obtained.
The expectation of a discrete random variable X is calculated by

B(X)=> zf(v).

x

The expectation of the nth power of a random variable X is calculated by
=) " f()
X

This is also known as the nth moment of the random variable X and represented by m,x, such
that:
mpx = B(X") forn=1,2,3,4,---.

The moment generating function for a random variable X is defined by

Mx(t) = E(e™) => e f(a).

xT

The nth moment for a random variable X can be recovered from the moment generating function
by differentiating n times and setting ¢ = 0. Thus
(n) d”
B(X") = M (0) = 5= Mx(0).
The moment generating function can be expanded in terms of the moments as an infinite series in

t to obtain
Mx(t) =1+ E(X)t + E(XQ) P+ E(X3) P+ E(X4)

3! 4'
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The moment generating function of X is said to exist if it is finite for all ¢ in a neighborhood of
0; in particular, all moments of X must be finite.. One way of showing that a moment generating
function exists is to prove that the series converges to a finite value over an interval for t that
includes 0.

For a geometric distribution the probabilities are given by

P(X =k)=p,=p(l—p)Ffork=0,1,2,... with0 < p < 1.

Let g=1—p,so P(Y = k) =p, = pqg* for k=0,1,2,... with 0 < ¢ < 1. Then

My (t) = pe® + pge! + pge?® + pg®e3t + pgtett + -

— p(1+ get + g2 1 PP 1 glett 4. 0)

= p/(l - qet)7
provided 0 < ge! <1, i.e., —oo <t < In(1/q).

The moments can be recovered from this expression by successive differentiation with respect
to t, and putting ¢ = 0. Thus

t

1)y, Pge .. (1) q
My'(t) = ma giving E(X) = (0) = ;?
t
@, pget(1+qeh) _ q(1+gq)
MX (t) = W, glVng E(XQ) = (O) p2 .

The cumulant generating function Kx(t) for a random variable X is given by
Kx(t) = log, Mx(t).

The mean, variance, coefficient of skewness and coefficient of excess kurtosis of X are given by

n(X) = K<”<o> M (0)
) (©

o*(X) = K(0 1

2
— M (0) - M (0)

o Kﬁ?)m) _ MP ) - 3M@ )M (0) + 2MP(0)°
7(X) @m: () (1) ;o 21 3
Kx'(0)2 (M7 (0) = Mx7(0) )2
4)
2 = 23O ar10) v oy m0) 324 0y
K(0) 1

—|—12M(2)(0) )(()( 0)% - 6M)(0))
S (0) — MP0)")2,

where

) = mean,

) = variance,

) = coefficient of skewness,
)

= coefficient of excess kurtosis.
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M )(? )(0) is the nth derivative of the moment generating function evaluated at ¢ = 0, and

KE?) (0) is the nth derivative of the cumulant generating function evaluated at ¢ = 0. In gen-
eral, excess kurtosis = kurtosis — 3, so the normal distribution has an excess kurtosis of 0, and
therefore a kurtosis of 3.

It can be observed that working with the cumulant generating function as oppose to using
the moment generating function, simplifies calculations for the coefficients of skewness and excess
kurtosis. This makes the calculations easier to implement on a mathematics software package such
as Mathematica or a graphics calculator.

The moment generating function for the total number of points played in a game from the outset
for player A serving, My#s (t), becomes

NE9(3,3)(1 — NBI(1,1))edt
1— NB9(1,1)e2t '

> (@) = () + Y 5) + LR (6) +

x

In this example, we have a few cases of positive probability before the point score of (3,3), the
first deuce, and then a shifted geometric distribution over the even point scores that follow. By
comparing this situation with the geometric distribution example above, it is easy to see that the
moment generating function will exist since the series will converge to a finite value over an interval
of t that includes 0.

The cumulant generating function for the total number of points played in a game from the
outset for player A serving, K X (t), becomes

NPI(3,3)(1 — NBI(1,1))ed
g, (e 2(0) + €5 £56) + & p(6) + A A LI )
- A(Ll)e

The first derivative of the cumulant generating function evaluated at t = 0, K;%g (0), is equiva-

lent to the mean of the total number of points played in a game, p(X%%). It follows that

(XP9) = A(paga(6pias — 1) + 1).
A 1—2paqa

The second derivative of the cumulant generating function evaluated at ¢t = 0, K@g(o), is
A

equivalent to the variance of the total number of points played in a game, o2 (ng ). It follows that

4paga(l — paga(l — 12paqa(3 — paga(5 + 12p33))))
(1 —2paga)?

7H(XE) =

Let 1 (X%7) represent the coefficient of skewness of the total number of points played in a game
for player A serving. The third derivative of the cumulant generating function evaluated at ¢ = 0,
becomes

3

Kg(%g (0) = 4paqga(qa + 187p% — 840p3 + 2118p%, — 6108p° + 20916p5
— 53952p" + 98160p%, — 154656p% + 260928pYY — 412992p}
+ 488160pl — 387072p% + 193536pY — 55296p1] + 6912p1P)

/(1= 2pa+2p%)°.
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The coeflicient of skewness of the total number of points played in a game can be calculated by

®3)
K xpg (0)
nX¥) = 5=
X7 (0)2

Let v2(X%7) represent the coefficient of excess kurtosis of the total number of points played in
a game for player A serving. The fourth derivative of the cumulant generating function evaluated
at t = 0, becomes

Kﬁf%g(()) = dpaqa(l + pa + 8T1p% — 4004p% + 13364p’, — 67596p°
+ 323140p5 — 1077024p7 + 2742960p% — 6502224p%
+ 15475344p’Y — 33228864pY 4 59797440p’ — 94218048p"3
+ 141430464pY — 201056256pY + 245099520p"¢
— 233653248pYy + 164643840p’y — 82114560pY)
+ 27371520p% — 5474304p?! + 497664p%)
/(1 —2pa+2p3)*"

The coefficient of excess kurtosis of the total number of points played in a game can be calculated
by

(4)
K 329 (0)
ng
72(Xf1g) =~ (2)A 2"
K'$(0)

Let o(X ﬁg ) represent the standard deviation of the total number of points played in a game for
player A serving. Let ¢,(X%?) represent the coefficient of variation of the total number of points
played in a game for player A serving. It follows that

ng)
o(XE = /o2(XE?) and ¢, (XHI :U( A7
() = [ 0) ) = 2

Table 4.1 represents p(X%7), o(X5), ¢,(X%7), 1 (XY) and 2 (X%?) for different values of py.
The calculations were performed using Mathematica. For example when ps = 0.60, u(X%5?) = 6.48
and o(X%7) = 2.59.

Figure 4.2 represents a graph of the mean and standard deviation of the total number of points
played in a game for all values of ps. There is a unique maximum for the mean at 6.75 and
standard deviation at 2.77 when py = 0.50. Figure 4.3 represents a graph of the coefficient of
variation, skewness and excess kurtosis of the total number of points played in a game for all values
of pa. There is a unique maximum for the coefficient of variation at 0.41 when p4 = 0.50. There is
a unique minimum for the coefficient of skewness at 2.16 and coefficient of excess kurtosis at 9.95
when ps = 0.50. There is a relative maximum for the coefficient of excess kurtosis at 17.1 when
pa = 0.92 and 0.08, and a relative minimum at 16.93 when p4 = 0.95 and 0.05. Also the coefficient
of skewness and excess kurtosis are undefined when p4 = 0 or 1.

4.5 Forward recursion

Let Xf;g (a,b) be a random variable equal to the total number of points played in a game at point
score (a,b) for player A serving. Let

£ (a,b)(x) = P(X}(a,b) = x)
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— Mmean

—— deviation standard

0.0 0.2 04 0.6 0.8 1.0

Figure 4.2: The mean and standard deviation of the total number of points played in a game
for all values of p4.

— coefficient of variation
—— skewness

— excess kurtosis

-

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.3: The coefficient of variation, skewness and excess kurtosis of the total number of
points played in a game for all values of p4.
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Table 4.1: The parameters of the distributions of the number of points played in a game for
different values of p4.

pa pw(XY) o(XH) c(XE) n(XY) 7(XY)

0.50  6.75 2.77 0.41 2.16 6.95
0.55  6.68 2.73 0.41 217 7.01
0.60  6.48 2.59 0.40 2.20 7.21
0.65 6.19 2.37 0.38 2.25 7.59
0.70  5.83 2.10 0.36 2.34 8.25
0.75  5.45 1.78 0.33 2.46 9.27
0.80  5.09 1.44 0.28 2.61 10.71
0.85 4.75 1.10 0.23 2.74 12.47
0.90 4.46 0.79 0.18 2.81 13.91
0.95 4.21 0.49 0.12 2.92 13.93

represent the distribution of the total number of points played in the game at point score (a, b) for
player A serving.

Using forward recursion notation (see Section 3.2), the distribution of the total number of points
played in a game at point score (a,b) for player A serving is represented by:

(a,b)(4) = N¥(4,0 | a,b) + N29(0,4 | a,b),
fi(a,0)(5) = Nj7(4,1 ] a,b) + Nj7(1,4 ] a,b),
fi(a,0)(6) = Nj7(4,2 ] a,b) + Nj7(2,4 ] a,b),
fi(a,b)(z) = N ((x +2)/2, (x - 2)/2 | a,b)

+ N ((x—2)/2,(x+2)/2 | a,b),

for x = 8,10,12,.. ..
Let Ygg (a,b) be a random variable equal to the number of points remaining in a game at point
score (a,b) for player A serving. Let

g% (a,0)(y) = P(Y{%(a,b) = y)

represent the distribution of the number of points remaining in the game at point score (a,b) for
player A serving. Then

g7 (a,b)(4—a—b) = N (4,0 a,b) + N}?(0,4 | a,b),
¢ (a,b)(5—a—0b) = N¥(4,1]a,b) + N (1,4 a,b),
2 (a,b)(6 —a—b) = N9 (4,2 a,b) + NY(2,4 ] a,b),
g (a,b)(y —a—b) = NF((y+2)/2,(y —2)/2 | a,b)

+ NP ((y—2)/2,(y +2)/2] a,b),

for y =8,10,12,....

Note the relation f57(0,0)(z) = ¢%(0,0)(y) for all z = y. This implies that from the outset the
distribution of the total number of points played in the game is equivalent to the distribution of the
number of points remaining in the game.
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Figures 4.4 and 4.5 represent the distributions of the total number of points played in a game and
the number of points remaining in a game respectively from a = 1, b = 1 for player A serving with
pa = 0.6. Note that the shape of both distributions are the same. In other words the variance, and
coeflicients of skewness and excess kurtosis remain unchanged by adding a constant to all values of
the variable. This is widely known as an invariant property in variance such that o?(X +a) = 0?(X).
This result will be proven more formally at the conclusion of this chapter.

40%
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25%
20%

15%

10%

o il
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4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

[lPIayerA 0,0% 21,6%25,9% 0,0% (12,4% 0,0% | 6,0% | 0,0% | 2,9% | 0,0% | 1,4% | 0,0% | 0,7% | 0,0% | 0,3% | 0,0%  0,2%|0,0% | 0,1% | 0,0% | 0,0% 0,0%|0,0% | 0,0% 0,0%
[lPIayerB 0,0%|6,4%(11,5% 0,0% | 5,5% | 0,0% | 2,7% |0,0% | 1,3% | 0,0% | 0,6% | 0,0% | 0,3% | 0,0% | 0,1% | 0,0% 0,1%|0,0% | 0,0% | 0,0% | 0,0% 0,0%|0,0% | 0,0% 0,0%

Figure 4.4: The distribution of the total number of points played in a game froma =1,b=1
for player A serving with p4 = 0.6.

40%
35%
30%
25%
20%
15%
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 Points |0,0% | 28,0 | 37,4 |0,0% | 18,0 |0,0%8,6%0,0%|4,1%|0,0%|2,0%|0,0%|1,0% 0,0% 0,5%|0,0%0,2%|0,0%|0,1%0,0% 0,1%|0,0% 0,0% 0,0% |0,0%

Figure 4.5: The distribution of the number of points remaining in a game froma=1,b=1
for player A serving with p4 = 0.6.

4.6 Backward recursion

Let p(Y4?(a,b)) represent the mean number of points remaining in the game at point score (a, b)
for player A serving. The following derivation is used to obtain the recurrence formula.

Consider the random variable X% (a,b) of the total number of points played in a game at point
score (a,b) for player A serving. If the game has not reached its completion then the next point
must be contested, and one of two results must occur. If player A wins the point then the score
progresses to (a + 1,b); otherwise the score progresses to (a,b+ 1). It follows that

X% (a+1,b) with probability p4,
X% (a,b+1) with probability ga.

ng(a7 b) = {
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Taking expectations we obtain a backwards recurrence formula
E(X}(a,b)) = paB(XY (a+1,b)) + qaE(X} (a,b + 1)).

The mixture law above applies at each and every score before the game is completed.
Consider the random variable Y}?(a,b) of the number of points remaining in a game at point
score (a,b) for player A serving. Then

X% (a,b) =a+b+ Y (a,b) for all a,b > 0.
As the score progresses we now have

¥Y#9(a,b) = {1 +Y(a+1,b) with probability pa,

1+ Y4 (a,b+1) with probability ga.
Taking expectations we obtain a backwards recurrence formula
E(YY(a,b)) =14+ paE(Y(a+1,b)) + gaE(Y}?(a, b+ 1)).

The mixture law above applies at each and every score before the game is completed.
Therefore the recurrence formula for the mean number of points remaining in a game at point
score (a,b) for player A serving is

w(YP(a,0)) = 1+ pap(Y2(a + 1,b)) + qap(Y2(a, b+ 1)).

The boundary value p(Y4?(3,3)) is obtained as follows.
Let Mygg (a,b)(t) represent the moment generating function for the number of points remaining
in a game from point score (a,b) with player A serving. Therefore

(P% + %)

M t) = ———=——.
Y£9(373)( ) 1 — 2paqac?t
The first moment E(Y}?(a,b)) is obtained as
MY, ()= 20h+ad) _ 2
Y57 (3:3) (1—2paga)®> pP4+d
Therefore 5
n(Y39(3,3)) = E(Y{%(a,b) = 5—-
4 4 PA+a;

Therefore the boundary values are obtained as
w(Y 9 (a,0)) =0, ifb=4and a <2;orifa=4 and b < 2,

2

u(Y?9(3,3)) = ——-.

. Pitdi

Table 4.2 lists the mean number of points remaining in a game from point score (a, b) for player
A serving with p4 = 0.6. It indicates that the mean number of points remaining in such a game is
6.5.

The following analysis is used to obtain o?(Y}?(a,b)), the variance of the number of points
remaining in the game at point score (a, b) for player A serving.
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Table 4.2: The mean number of points remaining in a game from various score lines for player
A serving with p4 = 0.6.

B score
0 15 30 40 game

0 6.5 6.0 4.8 2.8 0
15 52 5.0 4.5 3.0 0
Ascore 30 3.6 3.7 3.8 3.3 0
40 1.8 2.0 2.5 3.8
game 0 0 0

Clarke and Norman (1979) used recurrence relations to calculate probabilities of winning, mean
and variance of lengths to squash. In particular they showed for a random variable Z which takes
the value Z; with probability II and the value Z3 with probability 1 — II, that

E(Z)=1E(Z1) + (1 = 1I)E(Z2),
0c*(Z) =Uo*(Z1) + (1 — M)o*(Zs) + (1 — IN)(E(Z1) — E(Z2))*.

Since the equation representing F(Z) is in the same format as E(X%’(a, b)), then it follows that
0?(X"% (a,b)), the variance of the total number of points played in the game at point score (a, b) for
player A serving is given by

02X (a,b)) = pac (X2 (a + 1,8)) + qao* (X7 (a,b+ 1))
+paga(p(X5 (a +1,0)) — p(X (a,0 + 1)))%
Let u(X%(a,b)) represent the mean of the total number of points played in a game at point

score (a,b) for player A serving.
Given X% (a,b) = a+ b+ Y} (a,b), with a and b fixed, it follows that

p(XE(a,b) = pla+ b+ Y(a, ) = u(YE(a,b)) +a+b.

Let o(X"%?(a,b)) represent the variance of the total number of points played in a game at point
score (a,b) for player A serving. Since E(X%(a,b)) = p(X%(a,b)), it follows that

E(X%(a,b)) = a+ b+ E(Y}(a,b)),
E(X%(a,b)?) = (a +b)* 4+ 2(a + b)E(Y}?(a, b)) + E(Ypga(a,b)?),
(X1 (a,b)) = B(XY(a,b)2) — E(X}(a,b))? = a*(Y}*(a,b)).

Therefore

o* (Y1 (a,b)) = pac? (Y (a + 1,b)) + gac?* (Y} (a,b + 1))
+paga(p(Y5%(a +1,0)) — u(Y4?(a,b+1)))*.

The boundary value o?(Y}?(3,3)) is obtained as follows.
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Using the analysis above to obtain the moment generating function for the number of points
remaining in a game from point score (a, b) with player A serving, the second moment E(Y}?(a,b)?)

is obtained as

4142
My 0) = 2L 2A08)
(p3 +a%4)

Therefore N
PAGA
o} (Y}?(3,3)) = E(Y%(a,0)?) = B(Y}(a,))* = 555
(pA + qA)
Therefore the boundary values are obtained as

o*(Y{(a,b)) =0, ifb=4and a < 2;orifa =4 and b < 2,
2 /v P9 o 8pAQA
o (Yi'(3:3) P4 +d4)?

Table 4.3 lists the variance of the number of points remaining in a game from point score (a, b)
for player A serving with p4 = 0.6. It indicates that the variance of the number of points remaining
in such a game is 6.7.

Let v1(Y}?(a, b)) and 72(Y}?(a,b)) represent the coefficients of skewness and excess kurtosis of
the number of points remaining in a game at point score (a,b) for player A serving respectively.
Let 1 (X% (a, b)) and y2(X%(a, b)) represent the coefficients of skewness and excess kurtosis of the
total number of points played in a game at point score (a, b) for player A serving respectively. Using
similar derivation to above, it follows that

Y1 (X% (a,0)) = 11 (Y)?(a, b)),
Y2(X% (a,0)) = 72(Y4?(a,b)).

Table 4.3: The variance of the number of points remaining in a game from various score lines
for player A serving with p4 = 0.6.

B score
0 15 30 40 game

0 6.7 72 7.7 6.5 0
15 6.2 6.7 74 7.3 0
Ascore 30 49 6.1 71 7.8 0
40 26 41 64 7.1
game 0 0 0




Chapter 5

Duration of a match

5.1 Introduction

Chapter 5 extends on Chapter 4 (in Section 4.5) by obtaining distributions of the total number of
points played and the number of points remaining from any point score within a tiebreak game,
distributions of the total number of games played and the number of games remaining from any
game score within a tiebreak and advantage set, and distributions of the total number of sets played
and the number of sets remaining from any set score within an all tiebreak set and final set advantage
match. Chapter 5 also extends on Chapter 4 (in Section 4.5) by obtaining the mean and variance
of the number of points remaining in a tiebreak game from any point score within the game, the
mean and variance of the number of games remaining in a tiebreak and advantage set from any
point and game score within the set, and the mean and variance of the number of sets remaining
in an all tiebreak set and final set advantage match from any point, game and set score within the
match.

5.2 Number of points in a tiebreak game

Let X%"(a,b) be a random variable of the total number of points played in a tiebreak game at
point score (a,b) for player A currently serving. Let f49"(a,b)(z) = P(X%" (a,b) = x) represent
the distribution of the total number of points played in a tiebreak game at point score (a,b) for
player A currently serving. Then

pg
A
Nf‘gT(7,4 | a,b) —l—NﬁgT( 7| a,b),
NBT(7,5 | a,b) + N (5,7 | a,b),

£797 (a0, ) (11
TR (a,b)(12

7 (a,b)(T) = NJIT (7,0 | a,b) + NE9(0,7 | a,b),
37 (a,b)(8) = NY (7,1 | a,b) + N9¥9"(1,7 | a,b),
37 (a,0)(9) = NY7 (7,2 | a,b) + NY¥9(2,7 | a,b),

= N¥"(7,3 | a,b) + N7 (3,7 | a,b),
)
)

)
)
)
£ (a,b)(10)
)
)
)

37 (a,b)(x) = NPT ((x +2)/2, (x — 2)/2 | a,b)
+ NPT ((x — 2)/2,(x +2)/2 | a,b)

for x = 14,16, 18,....
Figure 5.1 represents the distribution graphically of the total number of points played in a
tiebreak game from the outset for player A currently serving with p4 = 0.62 and pp = 0.60.

27
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Figure 5.1: The distribution of the total number of points played in a tiebreak game from
the outset for player A currently serving with p4 = 0.62 and pg = 0.60

Let Y197 (a,b) be a random variable of the number of points remaining in a tiebreak game at
point score (a,b) for player A currently serving. Let ¢%’" (a,b)(y) = P(Y}?" (a,b) = y) represent the
distribution of the number of points remaining in a tiebreak game at point score (a,b) for player A
currently serving. Then

" (a,b) (T —a—b) = NE(7,0 | a,b) + NE¥(0,7 | a,b),
gﬁgT(a,b)(8—a—b) = NggT(,??l ‘ a b) +NpgT(1 7 ’ a b),
gng(a,b)(Q —a—0b)= NﬁgT(7,2 | a,b) +NpgT(2 7] a,b),
gigT(a,b)(lo—a—b) = NﬁgT(7,3 | a,b) + NpgT( 3,71 a,b),
g (a,b)(11 —a —b) = N7 (7,4 | a,b) + NY" (4,7 | a,b),
g (a,b)(12 —a —b) = N7 (7,5 | a,b) + NY* (5,7 | a,b),
y+2 y—2 2
" (@ b)(y —a—b) = N (L= 2= a,)
y—2 y+2
+ N (L5 5 ),

for y = 14, 16,18, . . ..

Let p1(Y{?" (a, b)) represent the mean number of points remaining in a tiebreak game from point
score (a,b) with player A currently serving.

Recurrence formulas:

(Y297 (0, b)) = 1+ pap(YE (a + 1,b)) + qap(YE (a, b+ 1)),
if (a + b) is even;
(Y297 (a,0)) = 1+ pap(Y2 (a+ 1,b)) + qap(YE (a,b+ 1)),

if (a +b) is odd.
Boundary values:
M(YﬁgT (CL, b)) =0,
ifa=7and 0<b<5;b=7and 0 <a<5.
2

YR (6,6) = ———
H(Y;7(6,6)) PAGB + qADB
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Table 5.1 represents the mean number of points remaining in a tiebreak game from various score
lines with player A currently serving with p4 = 0.62 and pg = 0.60. It indicates that the mean
number of points remaining from the outset in such a game is 11.9.

Table 5.1: The mean number of points remaining in a tiebreak game from various score lines
with player A currently serving with p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6

0 119 11.0 96 82 62 44 2.1
1 10.7 101 92 79 64 42 24
2 94 90 85 76 6.1 45 22
3 76 77 73 69 6.0 43 27
4 60 58 59 57 54 46 2.7
5
6
7

A score

DO OO OO 3

3.7 41 39 43 40 42 36
1.9 1.7 20 19 23 26 42
0 0 0 0 0 0

Let 02(Y49" (a,b)) represent the variance of the number of points remaining in a tiebreak game
from point score (a,b) with player A serving.
Recurrence Formulas:
o (Y97 (a,)) = pac® (Y7 (a + 1,b)) + qac® (Y7  (a, b+ 1))
+paga(p(YE (a4 1,b)) = u(YE" (a,b + 1)))?,

if (a + b) is even, and
(VI (0,5)) = pac (VI (a+ 1,)) + gac® (Y2 (a,b + 1))
+paqa(u(YA" (a +1,0) — u(Y*" (a,b + 1)))?,

if (a +b) is odd.
Boundary Values:
(Y1 (a,b)) = 0,

ifa=7and 0<b<5,orifb=7and 0 <a <5; and

A(papB + 949B)
(paqB + qapB)?

o* (Y197 (6,6)) =

Table 5.2 represents the variance of the number of points remaining in a tiebreak game from
various score lines with player A currently serving with p4 = 0.62 and pp = 0.60. It indicates that
the variance of the number of points remaining from the outset in such a game is 9.2.
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Table 5.2: The variance of the number of points remaining in a tiebreak game from various
score lines with player A currently serving with p4 = 0.62 and pg = 0.60.

B score

3

4

9.2
9.1
9.1
8.6
7.3
4.7
24

9.1
8.9
8.9
8.8
7.3
2.5
2.2

9.4
8.8
8.7
8.5
8.1
6.3
3.5

A score

N O Ol Wi~ O

9.2
8.8
8.7
8.6
8.3
7.5
3.8
0

8.0
8.7
8.6
8.8
8.7
8.5
6.6
0

5.9
6.4
7.4
8.1
8.8
9.3
7.7

24
3.4
3.6
2.8
6.6
9.9
9.3

OO OO OO

5.3 Number of games in a tiebreak set

Let X4 (a,b: ¢,d) be a random variable of the total number of games played in a tiebreak set at

point and game score (a,b : ¢,d) for player A currently serving in the set. Let f§" (a,b: ¢,d)(x)
(a,b: c,d) = z) represent the distribution of the total number of games played in a tiebreak

P(X4%T

set at point and game score (a,b : ¢,d) for player A currently serving in the set.

9ST( b:c,d)(6) =NT7(6,0]a,b
A" (a,b:e,d)(7T) = NYT (6,1 ] a,b
fgsT(a b:ec,d)(8) =N (6,2 a,b
P (a,b:e,d)(9) = N7 (6,3 | a,b
P (a,b:c,d)(10) = N§7 (6,4 | a,b
A" (a,b:e,d)(12) = N7 (7,5 | a,b
3" (a,b:c,d)(13) = N§7 (7,6 | a,

»d) +
,d)
,d)
¢, d)
,d) +
,d)
,d)

+ N$7(0,6 | a,b: c,
+ N97(1,6 | a,b: ¢,
+ N9"(2,6 | a,b: ¢,
+ N§7 (3,6 | a,b: c,

+ N§7(4,6 | a,b:c
+ N7 (5,7 | a,b:
+ N§7(6,7 | a,b:

\‘O ~

o

SE&285588288

Figure 5.2 represents the distribution graphically of the total number of games played in a
tiebreak set from the outset for player A serving with p4 = 0.62 and pp = 0.60.
Let Y{*"(a,b : ¢,d) be a random variable of the number of games remaining in a tiebreak set at
point and game score (a,b : ¢,d) for player A currently serving in the set.

Let g% (a,b : ¢,d)(y) = P(Y]" (a,b :

¢,d) = y) represent the distribution of the number of

games remaining in a tiebreak set at point and game score (a,b : ¢, d) for player A currently serving.

gST( b:c,d)(6—c—d)=N3"(6,0]a,b
g3 (a,b: ¢, d)(7T—c—d)=N{"(6,1] a,
gST( b:c,d)(8—c—d)=N7"(6,2]a,

g3 (a,b: e, d)(9—c—d)=N$"(6,3]a,b

g% (a,b:¢,d)(10 —c—d) = N7 (6,4 | a,b

d)
)
c,d) + N§7 (2
,d) + N§"
d)

(2
(
(

+ N$7(0,6 | a,b:
+ N§7(1,6 | a,b:

,6 | a,b:
3,6 |a,b:
+ N§7(4,6 | a,b:

H 6 60N

QU & X
~— N N N

o



5.3. NUMBER OF GAMES IN A TIEBREAK SET 61

30%

25%

20%

15%

10%

5%

0% -
) 6 7 8 9 10 |11 |12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30

‘lPlayerA 0,9% 6,2% | 5,9% 20,0% 8,2% |0,0% | 5,9% | 9,7% |0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% |0,0% | 0,0% | 0,0% | 0,0% | 0,0%
‘lPIayerB 0,4%1,2%6,4% | 4,6%(17,2% 0,0% | 4,8% | 8,5% |0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% |0,0% | 0,0% | 0,0% | 0,0% | 0,0% |0,0% | 0,0% | 0,0% | 0,0% | 0,0%

Figure 5.2: The distribution of the total number of games played in a tiebreak set from the
outset for player A serving with ps = 0.62 and pg = 0.60.

g3 (a,b:e,d)(12—c—d) = N7 (7,5 | a,b: e, d) + NYT(5,7 | a,b: ¢, d)
g3 (a,b:e,d) (13 —c—d) = N (7,6 | a,b:c,d) + N7 (6,7 | a,b: ¢, d)

Let pu(Y{*" (¢, d)) represent the mean number of games remaining in a tiebreak set from game
score (c,d) for player A serving.
Recurrence formula:

p(YL (e, d)) = 1+ pyu(YE™" (e + 1,d)) + ¢4pu(Yg™" (¢, d + 1))
Boundary values:
p(Y{™" (e, d)) =0,
ifc=6and0<d<4,ifd=6and 0 <c<4,orif (¢,d) =(7,5) or (5,7), and

,U(YXST (6,6)) =1

Table 5.3 represents the mean number of games remaining in a tiebreak set from various score
lines with player A currently serving with p4 = 0.62 and pp = 0.60. It indicates that the mean
number of games remaining from the outset in such a set is 10.0.

Let u(Y$*" (a,b : ¢,d)) represent the mean number of games remaining in a tiebreak set from
point and game score (a,b : ¢,d) for player A serving. Then

W(YE (ab: ) = 1+ PR(a, yu(YE™ (e + L)) + (1 — PR(a,b)u(YE™ (e d + 1)
if (¢,d) # (6,6), and
p(Y " (a,b:e,d)) =1

if (¢,d) = (6,6).

Let 0%(Y{°"(c,d)) represent the variance of the number of games remaining in a tiebreak set
from game score (¢, d) for player A serving.

Recurrence formula:

o* (VI (e,d)) = pho* (Y5 (c+ 1,d)) + 4o (Y5 (¢, d + 1))
+ PR ((YET (e +1,d)) — p(YE (c,d +1)))*.
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Table 5.3: The mean number of games remaining in a tiebreak set from various score lines
with player A currently serving with p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

0 100 92 79 63 43 23
87 83 74 6.1 44 23
72 70 66 58 42 24
54 54 52 50 42 23
3.5 35 36 35 3.7 3.0
1.5 15 15 1.7 16 26 18 O
0 0 0O 0 0 12 1

A score

S OO OO O

~N O Ol Wi

Boundary values:
(Y (c,d)) =0

ifc=6and 0<d<4,ifd=6and 0<c<4;orif (¢,d) =(7,5) or (5,7); and
o*(Y{°7(6,6)) = 0.

Table 5.4 represents the variance of the number of games remaining in a tiebreak set from various
score lines with player A currently serving with p4 = 0.62 and pp = 0.60. It indicates that the
variance of the number of games remaining from the outset in such a set is 3.7.

Table 5.4: The variance of the number of games remaining in a tiebreak set from various
score lines with player A currently serving with ps, = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

3.7 35 36 42 32 18
3.7 33 31 32 36 1.6
41 32 29 28 26 22
33 36 27 25 24 16
25 21 27 19 18 14
1.0 1.3 1.1 18 13 02 02 0
0 0 0 0 0 02 0

A score

S OO OO O

N O Ol W~ O

Let 02(Y{*" (a,b : c,d)) represent the variance of the number of games remaining in a tiebreak
set from point and game score (a, b : ¢, d) for player A serving. Then

o* (Y7 (a,b : ¢,d)) = P (a,0)a* (Y5 (c+ 1,d)) + (1 — P¥(a,b))o* (Y5 (c,d + 1))
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+ Pi(a,b)(1 — P (a,0)) (u(Y5™" (e +1,d)) — p(Y5™ (e, d +1)))?
if (¢,d) # (6,6), and
o*(Y{" (a,b:c,d)) =0
if (c,d) = (6,6).

5.4 Number of games in an advantage set

Let X%’ (a,b : ¢,d) be a random variable of the total number of games played in an advantage
set at point and game score (a,b : ¢,d) for player A currently serving in the set. Let f%’(a,b :
¢,d)(z) = P(X% (a,b: ¢,d) = ) represent the distribution of the total number of games played in
an advantage set at point and game score (a, b : ¢, d) for player A currently serving in the set. Then

% (a,b:c,d)(6) = N9 (6,0 ] a,b:c,d)+NT(0,6]a,b:cd)
4 (a,b:e,d)(7T) = NT(6,1]a,b:c d)—l—Nfls(l,Gla,b: ,d)
[ (a,b:c,d)(8) = NY(6,2]a,b:c,d)+NT(2,6]a,b:cd)
[ (a,b:c,d)(9) = NT(6,3]a,b:c,d)+NT(3,6]a,b:c,d)
4 (a,b:c,d)(10) = N9°(6,4 | a,b: c d)+NgS(46]a,b:cd)
2
P(a,b:c,d)(z) =N x—21— - |ab cd)
2 x—|—2
gs
+NA( 5 | a,b: cd)

for x = 12,14,16,...
Figure 5.3 represents the distribution graphically of the total number of games played in an
advantage set from the outset for player A serving with p4 = 0.62 and pp = 0.60.

30%

25%

20%

15%

10%

I 1

0% |- l = | - —

6 7 8 9 10 | 11 |12 | 13 | 14 | 15 |16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30

‘lPIaverA 0,9% | 6,2%| 5,9% 20,0% 8,2% | 0,0% | 5,9% | 0,0% | 3,7% | 0,0% | 2,4%  0,0% | 1,5% | 0,0% |0,9% | 0,0% |0,6% | 0,0% |0,4% | 0,0% | 0,2% | 0,0% | 0,1% |0,0% | 0,1%
‘lPlayerB 0,4% | 1,2% | 6,4% | 4,6% 17,2% 0,0% | 4,8% | 0,0% | 3,0%  0,0%  1,9% 0,0% 1,2% 0,0% 0,8% 0,0% 0,5% 0,0% 0,3%0,0%0,2%0,0%0,1%0,0%0,1%

Figure 5.3: The distribution of the total number of games played in an advantage set from
the outset for player A serving with p4, = 0.62 and pg = 0.60.

Let Y{’(a,b: ¢, d) be a random variable of the number of games remaining in an advantage set
at point and game score (a,b : ¢, d) for player A currently serving in the set. Let g% (a,b : ¢,d)(y) =
P(Y{’(a,b: c,d) = y) represent the distribution of the number of games remaining in an advantage
set at point and game score (a,b : ¢, d) for player A currently serving in the set. Then

g% (a,b:c,d)(6 —c—d) =N (6,0]a,b:c,d)+N5(0,6]a,b:c,d)
g%¥(a,b:c,d)(7T—c—d)=N3(6,1]a,b:c,d)+NT(1,6]a,b:c,d)
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g% (a,b:c,d)(8—c—d) =N (6,2]a,b:c,d)+NT(2,6]a,b:c,d)
g% (a,b:c,d)(9—c—d) =N (6,3]a,b:c,d)+N5(3,6]a,b:c,d)
)

) =
) =
) =
) =

g¥(a,b:c,d) (10 —c—d) = N9°(6,4 | a,b:c,d) + N°(4,6 | a,b: ¢, d)
2 y—2
g% (a,b:c,d)(y—c—d)=NY %,%]a,b:c,d)
s(Y—2 y+2
+Ni <?,T G,b:c,d)

for y = 12,14, 16, .. ..

Let u(Y3"(c, d)) represent the mean number of games remaining in an advantage set from game
score (c,d) for player A serving.

Recurrence formula:

WY (e, d) = 1+ pu(YE (e + 1,d)) + 4u(YE (e, d + 1))
Boundary values:
#(Yjs(Q d)) =0
ifc=6and 0<d<4,orifd=6and 0 <c<4. And

2

pY3(5,5) = 555
A phah + v

Table 5.5 represents the mean number of games remaining in an advantage set from various

score lines with player A currently serving with p4 = 0.62 and pp = 0.60. It indicates that the

mean number of games remaining from the outset in such a set is 10.8.

Table 5.5: The mean number of games remaining in an advantage set from various score lines
with player A currently serving with p4, = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

0 10.8 100 86 69 45 24
1 94 92 84 68 50 24
2 78 77 77 6.9 49 28
Ascore 3 56 6.0 59 63 57 29
4
5
6

SO DO DODO| SO

3.7 37 42 43 54 52
1.5 16 16 21 22 54
0 0 0 0 0

Let u(Y{’(a,b: ¢,d)) represent the mean number of games remaining in an advantage set from
point and game score (a,b : ¢,d) for player A serving. Then

(Y (a,b:c,d)) =1+ P¥(a,b)u(YE (c+1,d) + (1 — Pi(a, b)) (Y5 (¢, d + 1))

Let 02(Y?*(c,d)) represent the variance of the number of games remaining in an advantage set
from game score (¢, d) for player A serving.
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Recurrence formula:

o2 (Y (e,d)) = p%a? (Y (c+ 1,d)) + ¢%0* (Y5 (c,d + 1))
+ P dh ((YE (e + 1,d)) — (Y5 (¢, d+1)))%.
Boundary values:
UQ(YAQS(C, d)) =0,
ifc=6and 0<d<4,orifd=6and 0 <c<4. And
AP + 4A95)

2 s
7L = G0+ doay)?

Table 5.6 represents the variance of the number of games remaining in an advantage set from
various score lines with player A currently serving with py = 0.62 and pgp = 0.60. It indicates that
the variance of the number of games remaining from the outset in such a set is 14.8.

Table 5.6: The variance of the number of games remaining in an advantage set from various
score lines with player A currently serving with p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

148 151 137 137 7.1 3.6

13.1 151 156 13.3 124 3.7

13.1 129 158 16.5 123 9.0
76 125 125 170 182 9.2
5.2 54 112 115 184 194
14 28 29 86 92 184
0 0 0 0 0

A score

DO O OO O

ULk W N~ O

Let 0%(Y{*(a,b : ¢,d)) represent the variance of the number of games remaining in a tiebreak
set from point and game score (a,b : ¢, d) for player A serving. Then

o2 (Y{(a,b: c,d)) = P(a,b)0* (Y5 (c + 1,d)) + (1 — P¥(a,b))o*(YE (e, d + 1))
+ P’(a,b)(1 = PR (a,0)) (u(YE (e + 1,d)) — p(YE’ (¢, d +1)))*.

5.5 Number of sets in a match

Let X*™5(a,b: c,d: e, f) and X*™57T (a,b: ¢,d : e, f) be random variables of the total number of sets
played in a best-of-5 final set advantage and best-of-5 all tiebreak set match respectively at point,
game and set score (a,b: c,d : e, f). Let f"5(a,b: c,d : e, f)(x) = P(X*"(a,b: c,d: e, f) = x)
and 57 (a,b : c,d : e, f)(x) = P(X*"T(a,b : ¢,d : e, f) = x) represent the distribution of the
total number of sets played in a best-of-5 final set advantage and best-of-5 all tiebreak set match
respectively at set score (a,b:c¢,d: e, f). Then

™ (a,b:e,dze f)(3) =N"(3,0|a,b:c,d:e, f)+ N*"(0,3|a,b:c,d:e,f),
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" (a,b:e,de, f)(4)=N"53,1]a,b:c,d:e, f)+ N (1,3 |a,b:c,d:e,f),
"M (ayb:e,de, f)(5) =N"5(3,2]a,b:c,d:e, f)+ N (2,3|a,b:c,d:e,f),
T (a,b:c,d e, f)(3) = N*™7(3,0 | a,b:c,d:e, f)+ N*7(0,3 ] a,b:c,d: e, f),
T (a,b:c,d e, f)(4) = N*™7(3,1 | a,b:c,d:e, f)+ N*7(1,3 | a,b:c,d: e, f),
T (a,b:c,d e, f)(B) = N¥™7(3,2 | a,b:c,d:e, f)+ N*"™7T(2,3 | a,b:c,d: e, f).

It can be shown that f™5(a,b : ¢,d : e, f)(x) = "7 (a,b: ¢,d : e, f)(z) for all z. However
the probability of playing 5 sets is comprised of the probability of player A winning in 5 sets and
the probability of player B winning in 5 sets. These probabilities can differ depending on whether
the final set is advantage of tiebreak. Figure 5.4 represents the distribution graphically of the total
number of sets played in a best-of-5 all tiebreak set match from the outset with p4 = 0.62 and
pp = 0.60.

40%
35%
30%
25%
20%
15%
10%

5%

0%

2 3 4 5 6 7 8 9 10 | 11|12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26
‘lPIaverA 0,0% [18,3%23,7%20,5% 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0%  0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0%
‘lPIaverB 0,0% | 8,1% (13,7%15,6%| 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% |0,0% | 0,0% |0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% |0,0% | 0,0%

Figure 5.4: The distribution of the total number of sets played in a best-of-5 all tiebreak set
match from the outset with p4 = 0.62 and pg = 0.60

Let Y*™5(a,b : ¢,d : e, f) be a random variable of the number of sets remaining in a best-of-5
final set advantage match at point, game and set score (a,b : ¢,d : e, f). Let ¢°™(a,b : ¢,d :
e, f)ly) = P(Y®*"(a,b: c,d : e, f) = y) represent the distribution of the number of sets remaining
in a best-of-5 final set advantage match at point, game and set score (a,b: ¢,d : e, f). Then

9" (a,b:c,de, f)(3—e—f)=N*"(3,0|a,b:c,d:e, f)+ N°"(0,3|a,b:c,d:e,f),
g™ (abe,die, f)(d—e—f)=N"3,1]a,b:c,d:e, f)+ N*"(1,3|a,b:c,d:e,f),
g™ (abe,die, f)(b—e—f)=N*""(3,2]|a,b:c,d:e, f)+ N*"(2,3|a,b:c,d:e,f).

It can be shown that ¢*™5(a,b: ¢,d : e, f)(y) = ¢*™7T(a,b: c,d : e, f)(y) for all y.
Let p(Y*™5 (e, f)) represent the mean number of sets remaining in a best-of-5 final set advantage
match from set score (e, f). It follows from above that

p(Y*oT (e, f)) = n(Y™ (e, f))

for all (e, f).

Therefore (Y5 (e, f)) represents the mean number of sets remaining in a best-of-5 set match
from set score (e, f). This notation will be adopted for the higher order moments and other param-
eters of distribution for sets played in a match.

Recurrence formula:

/L(Ysm5(€,f)) -1 +psTu(Ysm5 (6 + 1)f)) + qSTM(Ysm5(€7f + 1))
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Boundary values:
p(Y*™e (e, f)) =0,
ife=3and f<1,orif f=3ande<1. And

(Y 5(2,2)) = 1

Table 5.7 represents the mean number of sets remaining in a best-of-5 set match from various
score lines with p4 = 0.62 and pp = 0.60. It indicates that the mean number of sets remaining
from the outset in such a match is 4.1.

Table 5.7: The mean number of sets remaining in a best-of-5 set match from various score
lines with p4 = 0.62 and pg = 0.60.

B score
0 1 2 3

0 41 32 19 0
Ascore 1 3.0 25 1.6 0

2 16 14 1

3 0 0

Let u(Y;"™*(a,b : c,d : e, f)) represent the mean number of sets remaining in a best-of-5 set
match from point, game and set score (a,b : ¢,d : e, f) for player A serving. It follows from above
that

pY " (a,b:ed e f)) =14 Pr (a,b: e, d)u(Y™™ (e + 1, f))
+ (1 =P (a,b: e, d))u(Y"™ (e, f +1))

if (e, f) # (2,2), and
WV (b cd e, f)) = 1

if (e, f) = (2,2).

Let o2(Y*™5 (e, f)) represent the variance of the number of sets remaining in a best-of-5 set
match from set score (e, f).

Recurrence formula:

a2(Y™ (e, f)) = p*Ta? (Y™ (e + 1, f)) + ¢*Ta*(Y*™5 (e, f + 1))
PTG (Y (e + 1, f)) = u(Y "0 e, f +1)))%.
Boundary values:
o (Y™ (e, f)) = 0

ife=3and f<1,orif f=3and e<1. And

o?(Y*5(2,2)) = 0.

Table 5.8 represents the variance of the number of sets remaining in a best-of-5 set match from
various score lines with p4 = 0.62 and pp = 0.60. It indicates that the variance of the number of
sets remaining from the outset in such a match is 0.62.
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Table 5.8: The variance of the number of sets remaining in a best-of-5 set match from various
score lines with p4 = 0.62 and pg = 0.60.

B score
0 1 2 3

0 062 055 074 0
Ascore 1 0.64 025 025 0
2 0.61 0.25

Let o2(Y{™(a,b : ¢,d : e, f)) represent the variance of the number of sets remaining in a
best-of-5 set match from point, game and set score (a,b : ¢,d : e, f) for player A serving.

02(Y2m5(a, b:c,d:e,f))
= PﬁST(a, b:ec, d)UQ(Ysm5(e +1,f)+(1— PﬁST(a, b:c, d))02(Ysm5(e, f+1)
PR (b e, d)(1— PR (a, b e, ) (u(Y (e + 1, ) — p(Y 5 e, f o+ 1))
if (e, f) # (2,2), and
o2 (Y™ (a,b:c,d e, f)) =0

if (e, f) = (2,2).



Chapter 6

Duration of a match 2

6.1 Introduction

Chapter 6 extends on Chapter 4 (in Section 4.5) by obtaining the coefficients of skewness and
excess kurtosis of the number of points remaining in a game from any point score within the game.
Chapter 6 also extends on Chapter 5 by obtaining the coefficients of skewness and excess kurtosis
of the number of points remaining in a tiebreak game from any point score within the game, the
coefficients of skewness and excess kurtosis of the number of games remaining in a tiebreak and
advantage set from any point and game score within the set, and the coefficients of skewness and
excess kurtosis of the number of sets remaining in an all tiebreak set and final set advantage match
from any point, game and set score within the match.

6.2 Number of points in a game

The following backward recurrence formulas were established in Chapter 4 for the random variables
X% (a,b) (the total number of points played in a game at point score (a,b) for player A serving)
and Y%?(a,b) (the number of points remaining in a game at point score (a,b) for player A serving):

E(X%(a,b)) = paB(X}(a + 1,0)) + qa E(X} (a,b + 1)),

E(Y)%(a,b)) =1+ paB(Y % (a+1,b)) + aE(Y;(a, b+ 1)).
Then E(X%(a,b)™) represents the nth moment with the important relation X% (a,b)" = (a +
b+ Y ?(a,b))", which, when expanded involves various powers of Y49 (a,b). Thus calculation must
proceed recursively, i.e., first moment, second moment, and so on. These higher moments can then

be used to calculate other statistics such as variance, skewness and kurtosis.
Taking expectations gives the following recurrence formula:

E(X}(a,b)") = paB(XY (a+1,b)") + qaE(X} (a,b+1)").
The boundary values for X"’ (a, b) are obtained as

E(X}(4,0)") = E(X}(0,4)") = 4",
E(Xﬁg(4a 1)n) = E(Xﬁg(174)n) = 5n7
E(X,zé)lg(4’ 2)n) = E(ng(2v4)n) =6".

69
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The boundary values at E(X%?(3,3)™) are obtained as follows: The moment generating function
for the total number of points played in a game from (3,3) with player A serving is given by

(P% +q%)e™

Mxras 3)(t) = T 2pagac®
Therefore
B(XE(3,3)) = M 5)(0) = W
B(X(3,37) = MZ, ) (0) = 8<18p%§2A;A2ipf)q2A +8)
E(X?(3,3)%) = Mgg(s () = 16(108p% ¢ —(2222261% —11-)131pAqA - 32)’
BOX(3,3)) = MU (0) = 32(648p g’y — 1556p’ A((; A :q i4_621p)?2q§ — 655paqa +128)

The following standard results are used to obtain u(X%(a,b)), 0?(X%(a,b)), y1 (X%’ (a,b)) and
72(XY (a,0)):

E(X) = p(X),
E(X?) =0*(X)+ E(X)?,
BE(X?) = (X)o?(X)*? + 3E(X?)E(X) — 2B(X)?,
E(X*%) = %(X)o*(X)? +4E(X3)E(X) + 3E(X?)? — 12E(X})E(X)? + 6E(X)*.

Finally, the following results obtained in Section 4.5 are used to obtain (Y49 (a, b)), o?(Y{(a, b)),
1(Y}?(a, b)) and v2(Y1?(a,b)):

1(Y 4% (a,0)) = M(ng( ;b)) —a—1b,
o (Ygg(a,b)) = g2 (X% (a,b)),
1 (Y3 (a,0)) = 11 (X (a,b)),
Y2(YA%(a,b)) = 72(X} (a,b)).

Let E(X%(a,b)) represent the first moment of the total number of points played in a game at
point score (a, b) for player A serving.
Recurrence formula:

E(X¥(a,b)) = paE(XY(a+1,b)) + gaE(X ¥ (a,b+1)).

Boundary values:

E(X}(4,0)) = B(X(0,4)) = 4,
B(XP9(4,1)) = E(X"9(1,4)) = 5,
B(X"9(4,2)) = E(X?9(2,4)) = 6,
42— 3paqa)
E(ng(& 3)) - 1— 2pAQA :

Let (Y4 (a,b)) represent the mean number of points remaining in a game at point score (a,b)
for player A serving. Then
w(Y % (a, b)) = E(X%(a,b)) —a—1b,
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for0<a<3and 0<b<3.

Let E(X%’(a,b)?) represent the second moment of the total number of points played in a game
at point score (a,b) for player A serving.

Recurrence formula:

E(X%(a,b)%) = paB(XY (a + 1,b)*) + ¢4 E(X% (a,b + 1)?).

Boundary values:

E(X%(4,2)?) = B(X% (2 4)?) = 36,

8(18pAqA — 23paqa +8)
(2paga —1)?

E(X}(3,3)%) =

Let 02(Y}(a,b)) represent the variance of the number of points remaining in a game at point
score (a,b) for player A serving. Then

Uz(yﬁg(% b)) = E(ng(a, b)2) - E(ng(a, b))2

for0<a<3and 0<b<3.

Let E(X%(a, b)3) represent the third moment of the total number of points played in a game
at point score (a,b) for player A serving.

Recurrence formula:

E(X%(a,b)*) = paE(X%(a+ 1,0)*) + qaB(XY (a,b + 1))

Boundary values:

B(X%(4,0%) = B(XY(0,4)") = 64,
B(X%(4,1)%) = B(X5(1,4)") = 125,
4 (

4

E(X%(2,4)%) = 216,

16(108p% ¢% — 200p%¢% + 131paga — 32)
(2paqa —1)3

E(X}(4,2)%)

E(X}(3,3)%) =

Table 6.1 represents the third moment of the total number of points played in a game at various
score lines for player A serving given ps = 0.6.

Let v1(Y%{?(a,b)) represent the coefficient of skewness of the number of points remaining in a
game at point score (a,b) for player A serving. Then

E(X%(a,b)?) — 3E(X%(a,0)*) E(XY (a,b)) + 2E(X%(a,b))?
o2(Y4(a,b))?

n(Y3%(a,b)) =

for0<a<3and0<b<3.

Table 6.2 represents the coefficient of skewness of the total number of points played in a game
at various score lines for player A serving given p4 = 0.6. It shows that the coefficient of skewness
from the outset in such a game is 2.2.

Let E(X Zg (a,b)?) represent the fourth moment of the total number of points played in a game
at point score (a,b) for player A serving.



72 CHAPTER 6. DURATION OF A MATCH 2

Table 6.1: The third moment of the total number of points played in a game at various score
lines for player A serving given ps = 0.6.

B score
0 15 30 40 game

0 441.3 525.7 5159 346.9 64
15 3851 5322 628.6 5355 125
Ascore 30  286.9 468.0 690.6 809.2 216
40  166.2 319.6 611.5 1204.7
game 64 125 216

Table 6.2: The coefficient of skewness of the total number of points played in a game at
various score lines for player A serving given p4 = 0.6.

B score
0 15 30 40

0 22 21 19 24
Ascore 15 24 22 20 2.1
30 28 25 21 1.9
40 4.1 34 24 2.1

Recurrence formula:
E(X%(a,b)") = paB(X} (a+ 1,b)") + qaB(X% (a,b + 1)*).

Boundary values:

s
e
?S
[
=

(X7 (0,4)") = 256,

E(ng( )4) = B(XY(1,4)") = 625,

E(X%(4,2)%) = E(X7(2,4)*) = 1296,
32(648p% g% — 1556p° ¢° + 1462p% g% — 655paqa + 128)

E(X}(3,3)") = (2paga — 1)*

Table 6.3 represents the fourth moment of the total number of points played in a game at various
score lines for player A serving given ps = 0.6.

Let v2(Y}?(a, b)) represent the coefficient of excess kurtosis of the number of points remaining
in a game at point score (a,b) for player A serving. Then

(YA (a,b)) = [E(X(a,)") — AB(X (a,b)*) E(X(a.b)) — 3E(X*(a,b)*)°
+ 12B(X%(a,0)?)E(X% (a,b)) — 6E(X%(a,1))"]/0* (Y} (a, )

for0<a<3and 0<b<3.
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Table 6.3: The fourth moment of the total number of points played in a game at various
score lines for player A serving given py = 0.6.

B score
0 15 30 40 game

0 4909.8 6009.7 5945.3 3809.3 256
15 4176.6 6052.6 7369.3 6178.1 625
Ascore 30 29259 51749 8163.4 9880.2 1296
40  1426.6 3182.5 7018.8 15603.0
game 256 625 1296

Table 6.4 represents the coefficient of excess kurtosis of the total number of points played in
a game at various score lines for player A serving given py = 0.6. It shows that the coefficient of
excess kurtosis from the outset in such a game is 7.2.

Table 6.4: The coefficient of excess kurtosis of the total number of points played in a game
at various score lines for player A serving given p4 = 0.6.

B score
0 15 30 40

0 72 65 56 78
Ascore 15 83 7.2 6.1 6.3
30 116 86 6.6 54
40 254 155 80 6.6

Figure 6.1 represents the distribution of the total number of points played in a game from 15-15
(a = 1,b = 1) for player A serving given py = 0.6. Notice how the blue colour is the chance of
player A winning the game and the maroon colour is the chance of player B winning the game.
For example, the chance of player A winning the game to 15 is given by the frequency distribution
of blue for 5 total points played. This numerical value is 21.6%. Similarly, the chance of player B
winning the game to 15 is given by the frequency distribution of maroon for 5 total points played.
This numerical value is 6.4%. Therefore, the game finishing with either player winning to 15 (or
5 total points played) is given by 21.6%+6.4%=28%. Figure 6.2 represents the distribution of the
number of points remaining in a game from 15-15 for player A serving given p4 = 0.6. Note that
the shapes of both distributions from Figure 6.1 and Figure 6.2 are the same. In other words, the
variance and coeflicients of skewness and excess kurtosis remain unchanged by adding a constant
(c) to all values of the variable. This is widely known as an invariant property in variance such
that V(X + ¢) = V(X). The differences in both distributions are reflected only by shifting the
horizontal scale by a constant; as reflected by the mean property M (X +¢) = M(X)+c. As above,
let X 4(a,b) and Y4(a,b) be random variables of the total number of points played in a game and
the number of points remaining in a game respectively at point score (a, b) for player A serving. By
simple logic, Ya(a,b) + (a +b) = Xa(a,b), where a and b are represented by player A’s score and
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player B’s score respectively. Which follows that V(Ya(a,b) 4+ (a + b)) = V(X a(a,b)). Using the
invariant property of variance above V(Y4 (a,b) + (a+b)) = V(Ya(a,b)), since (a+b) is a constant.
Therefore V(X 4(a,b)) = V(Ya(a,b)). Note that coefficient of variation is defined to be standard
deviation over mean.

40%
35%
30%
25%
20%

15%
10%
o I
0% . | —
4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 |15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28

m Player A|0,0% 21,6%25,9% 0,0% (12,4% 0,0% | 6,0% | 0,0% | 2,9% |0,0% | 1,4% | 0,0% | 0,7% | 0,0% | 0,3% | 0,0% | 0,2% | 0,0% | 0,1% | 0,0%  0,0% | 0,0% | 0,0% | 0,0%  0,0%
W Player B|0,0% | 6,4% [11,5% 0,0% | 5,5%0,0% | 2,7% |0,0% | 1,3% | 0,0% | 0,6% | 0,0% | 0,3% | 0,0% | 0,1% | 0,0% | 0,1% | 0,0% |0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0%

Figure 6.1: The distribution of the total number of points played in a game from 15-15 for
player A serving given p4 = 0.6.

40%
35%
30%
25%
20%
15%
10%
5% I

0% . | —

2 3 4 5 6 7 8 9 |10 |11 | 12 |13 | 14 | 15| 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26
M Points|0,0% 28,0 37,4 |0,0%| 18,0 |0,0%8,6%0,0% |4,1%|0,0%|2,0%|0,0%| 1,0%0,0%|0,5%|0,0% | 0,2%|0,0%0,1%|0,0% | 0,1% | 0,0%  0,0% |0,0% | 0,0%

Figure 6.2: The distribution of the number of points remaining in a game from 15-15 for
player A serving given p4 = 0.6.

6.3 Number of points in a tiebreak game

The moment generating function for the total number of points played in a tiebreak game from
(6,6) with player A serving is given by:

(1 —paps — qagp)e®

1 — (papB + qaqp)e?

MXZgT (6,6) (t) =

Let E(X%" (a, b)) represent the first moment of the total number of points played in a tiebreak
game at point score (a,b) for player A serving.
Recurrence formulas:

PAE(XPT (a+1,b)) + gaE(X% " (a,b+ 1)) if (a+b) is even,

EXP!JT ’b —
) {pAE(ngT(a—i-l,b))+QAE(XflgT(a’b+1)) if (a+b) is odd.
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Boundary values:

(X7 (7,0)) =
B(X7(7,1)) =
B(X7(7,2)) =
B(X37(7,3)) =
B(X7(7,4)) =
B(X57(7.5)) =
B(X5(6,6))

E(XF(0,7) =7,
E(XFT(1,7) =8,
E(XF(2,7)) =9,
E(X7(3,7)) = 10,
E(XT97(4,7)) = 11,
B(X97(5,7)) = 12,

2(6qaqp + 6paps —7)
qaqs +papp—1

Let (YY" (a,b)) represent the mean number of points remaining in a tiebreak game at point
score (a,b) for player A serving. Then

u(Y297 (a,0)) = E(X57(a,5)) —a — b,

for0<a<6and 0<b<6.

Let E(X%T(a,b)?) represent the second moment of the total number of points played in a
tiebreak game at point score (a,b) for player A serving.

Recurrence formulas:

pAE(ngT
pAE(XZgT

(a+1,0)%) + aBE(XH7"(a,b+1)?) if (a+b) is even,

PR = { (a+1,0)%) + qa B (a,b+ 1) if (a-+b) is odd.

Boundary values:

E(X597(7,0)2) = E(X?7(0,7)%) = 49,
B(XY7T(7,1)%) = E(X}(1,7)?) = 64,
E(X57(7,2)%) = B(X%7(2,7)%) = 81,
E(X57(7,3)%) = B(X57(3,7)%) = 100,
E(X57(7,4)%) = B(X(4,7)%) =121,
E(X%7(7,5)%) = B(X7(5,7)%) = 144,

_ 436434k + 72pappaads — 834q + 36pApE; — 83paps +49)
(9495 + papp — 1)

Let 02(Y}9" (a,b)) represent the variance of the number of points remaining in a tiebreak game
at point score (a,b) for player A serving. Then

o} (Y1 (a,0)) = E(X}" (a,b)?) — E(X}" (a,0))?
for0<a<6and 0<b<6.

Let E(X%T (a,b)3) represent the third moment of the total number of points played in a tiebreak
game at point score (a,b) for player A serving.

Recurrence formulas:

PAE(XYT(a+1,b)3) + gaE(XY7" (a,b+1)3) if (a+b) is even,

E(XY7 (a,b)%) =
(X4 (@, 0)7) {pAE(ngT(a +1,0)3) 4+ gaB(X%7 (a,b+ 1)%) if (a +b) is odd.
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Boundary values:

E(X%7(7,0)%) = B(X57(0,7)%) = 343,
B(X(7,1)°) = B(X}"(1,7)°) = 512,
E(XH7(7,2)%) = B(X}"(2,7)%) = 729,
E(X%7(7,3)%) = B(XY7(3,7)%) = 1000,
E(XT7(7,4)%) = B(X7(4,7)%) = 1331,
E(XT7(7,5)%) = B(XHT(5,7)%) = 1728,
E(XE(6.6)%) = M{hur ) (0):

Table 6.5 represents the third moment of the total number of points played in a tiebreak game
at various score lines for player A serving given py = 0.62 and pp = 0.60.

Table 6.5: The third moment of the total number of points played in a tiebreak game at
various score lines for player A serving given p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 ) 6 7

2043.9 2087.1 1956.3 1777.2 1344.3 1032.7 610.2 343
1977.6 2167.2 2215.6 2042.4 1825.6 1291.6 941.7 512
1861.4 2096.4 2321.8 2381.2 21529 1837.8 1205.1 729
1519.7 1958.3 2229.6 2521.2 2588.2 2225.7 1824.3 1000
1250.9 1537.7 2051.0 2425.2 28104 2942.2 2329.5 1331
808.7 1223.1 1525.9 2189.1 2608.3 3317.7 36089 1728
554.8  742.8 1119.5 14459 2173.5 2880.8 4761.7
343 512 729 1000 1331 1728

A score

N O Ul W N+~ O

Let 71 (Y4" (a, b)) represent the coefficient of skewness of the number of points remaining in a
tiebreak game at point score (a,b) for player A serving. Then

E(XH" (a,0)%) — 3E(XH" (a,0)*) E(XJ" (a,b)) + 2E(X" (a, b))®

Vl(YggT(av b)) = 0'2(Y£QT(CL, b))3/2

for0<a<6and 0<b<6.

Table 6.6 represents the coefficient of skewness of the total number of points played in a tiebreak
game at various score lines for player A serving given p4 = 0.62 and pg = 0.60. It shows that the
coefficient of skewness from the outset in such a game is 1.9.

Let E(X%7(a,b)!) represent the fourth moment of the total number of points played in a
tiebreak game at point score (a,b) for player A serving.

Recurrence formulas:

PAE(XYT (a+1,0)Y) + gaE(XY7" (a,b+ 1)1) if (a +b) is even,

E(XH7 (a,b)") =
(X4 (a,0)) {pAE(ngT(aJr1,b)4)+qAE(X§9T(a,b+1)4) if (a + b) is odd.
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Table 6.6: The coefficient of skewness of the total number of points played in a tiebreak game
at various score lines for player A serving given ps = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6

19 19 1.8 1.8 2.0 25 38
1.9 20 21 20 20 25 3.5
1.9 20 21 21 21 25 39
1.9 20 22 22 22 24 30
22 23 23 23 22 22 28
26 28 26 25 23 21 19
34 44 38 41 29 25 21

A score

DOl W~ O
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Table 6.7 represents the fourth moment of the total number of points played in a tiebreak game
at various score lines for player A serving given p4 = 0.62 and pp = 0.60.

Table 6.7: The fourth moment of the total number of points played in a tiebreak game at
various score lines for player A serving given p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6 7

30733.3 31527.0 29188.6 25934.2 18217.3 12761.5 5950.0 2401
29514.6  32960.2 33865.9 30663.9 26655.1 16936.2 10604.2 4096
27402.7 31635.7 35828.5 36979.2 32611.9 26554.1 14593.1 6561
21282.1 29066.0 34053.8 39655.9 41036.4 33885.1 25581.2 10000
16511.3 21271.7 30620.2 37655.4 45419.6 48097.5 35130.9 14641
9153.4 15541.9 20723.6 32896.7 41335.7 56044.7 62513.5 20736
52379  7579.3 13262.6 18481.8 32320.4 46341.6 88119.1
2401 4096 6561 10000 14641 20736

A score

N O Ul W N~ O
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Let 2(Y9" (a,b)) represent the coefficient of excess kurtosis of the number of points remaining
in a tiebreak game at point score (a,b) for player A serving. Then

(YA (a,1)) = [E(XET (a,b)") — 4B(XA7 (0, b)) E(XY (a,5)) — BE(X" (a,5)?)?
+ 12B(XY7 (a,0)2) E(X3 (a,1))? — 6E(XT7 (a,5)"] /o> (Y2 (a,b))?,

for0<a<6and 0<b<6.

Table 6.8 represents the coefficient of excess kurtosis of the total number of points played in a
tiebreak game at various score lines for player A serving given p4 = 0.62 and pp = 0.60. It shows
that the coefficient of excess kurtosis from the outset in such a game is 6.3.

Table 6.8: The coefficient of excess kurtosis of the total number of points played in a tiebreak
game at various score lines for player A serving given ps = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6
0 63 63 59 6.1 74 109 26.2
1 63 68 68 68 67 103 21.3
2 63 66 71 70 7.0 92 237
Ascore 3 66 66 74 73 71 81 131
4 82 89 79 78 72 70 11.2
5 129 128 109 89 76 64 56
6 229 321 220 235 114 90 64

6.4 Number of games in a tiebreak set

Let E(X%™" (¢, d)) represent the first moment of the total number of games played in a tiebreak set
at game score (c,d) for player A serving.

Recurrence formula:

E(XZ" (c,d)) = A E(XE" (c+ 1,d)) + ¢4 E(XE " (¢, d + 1)).

Boundary values:

E(X$7(6,0)) = E(X57(0,6)) =6
E(X$7(6,1)) = E(X§7(1,6)) =7
E(X$7(6,2)) = BE(X$7(2,6)) =8
E(X$7(6,3)) = BE(X$7(3,6)) =9
E(X%7"(6,4)) = E(X%"(4,6)) = 10,
E(X%$7"(7,5)) = E(X$7"(5,7) =1
E(X57(6,6)) = 13.
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Let u(Y$*" (¢, d)) represent the mean number of games remaining in a tiebreak set at game score
(c,d) for player A serving. Then
p(Y{ (c,d)) = E(XT" (¢, d)) — ¢ — d,

for0 <c<5and 0<d<5;(6,5); (5,6); (6,6)
Let E(X%" (a,b : ¢,d)) represent the first moment of the total number of games played in a
tiebreak set at point and game score (a,b : ¢, d) for player A serving.

E(X$"(a,b:c,d)) = Pi%(a, b)) E(XET (¢ + 1,d)) + (1 — PY¥(a, b)) E(XF" (¢, d + 1))

Let u(Y{*" (a,b : ¢,d)) represent the mean number of games remaining in a tiebreak set at point
and game score (a,b : ¢,d) for player A serving. Then

p(Y7" (a,b: c,d)) = E(XY " (a,b:¢,d)) —c—d.

Let E(X%7"(c,d)?) represent the second moment of the total number of games played in a
tiebreak set at game score (c,d) for player A serving.
Recurrence formula:

E(X57 (c,d)?) = pAE(XET (c+1,d)*) + ¢4 E(XET (¢,d + 1)?).

Boundary values:

E(X%7(6,0)?) = E(X%7(0,6)%) = 36,
E(X$7(6,1)%) = B(X$7(1,6)%) = 49,
E(X%7(6,2)%) = E(X57(2,6)%) = 64,
E(X%7(6,3)%) = E(X57(3,6)%) = 81,
E(X57(6,4)%) = E(X4'7(4,6)%) = 100,
E(X57(7,5)%) = E(X$7(5,7)%) = 144,
E(X$7(6,6)%) = 169

Let 02(Y{*" (¢, d)) represent the variance of the number of games remaining in a tiebreak set at
game score (c,d) for player A serving. Then

(Y (¢,d)) = E(X57 (c,d)?) — E(X57 (e, )’

for 0 <e¢<5and 0<d <5, or for (¢,d) = (6,5), (5,6), or (6,6).
Let E(X% (a,b: c,d)?) represent the second moment of the total number of games played in a
tiebreak set at point and game score (a,b : ¢, d) for player A serving. Then

E(X$7(a,b: ¢,d)?) = PY(a, ) E(XET (c+ 1,d)?) + (1 — PR (a, b)) E(XE7 (c,d + 1)?).

Let 02(Y{*" (a,b: c,d)) represent the variance of the number of games remaining in a tiebreak
set at point and game score (a,b : ¢, d) for player A serving. Then

c2(YL (a,b: ¢,d)) = E(X$" (a,b: ¢,d)?) — B(X% 7 (a,b: ¢, d))?.

Let E(X%™ (c,d)?) represent the third moment of the total number of games played in a tiebreak
set at game score (c,d) for player A serving.
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Recurrence formula:

E(X%7(c,d)*) = pA E(XET (e + 1,d)?) + ¢4 E(XET (¢, d + 1)?).

Boundary values:

E(X$7(6,0)%) = BE(X$7(0,6)%) = 216,
E(X$7(6,1)%) = BE(X$7(1,6)%) = 343,
B(X37(6,2)°) = B(X{"(2,6)%) = 512,
E(X57(6,3)%) = B(X$7(3,6)%) = 729,
E(X%7(6,4)%) = B(X%"(4,6)*) = 1000,
E(X$7(7,5)%) = B(XY7(5,7)%) = 1728,
E(X%7(6,6)%) = 2197.

Table 6.9 represents the third moment of the total number of games played in a tiebreak set at
various score lines for player A serving given p4 = 0.62 and pp = 0.60.

Table 6.9: The third moment of the total number of games played in a tiebreak set at various
score lines for player A serving given p4 = 0.62 and pgp = 0.60.

B score
0 1 2 3 4 5 6 7

0 1111.5 11552 1072.5 933.0 651.6 428.5 216

1 1025.5 1187.7 1236.5 1113.2 930.9 604.8 343

2 908.6 1084.1 1286.1 1345.1 1145.7 898.7 512
Ascore 3 676.0 9453 1148.3 14224 1502.7 1149.1 729

4 4923 676.7 980.1 1219.9 1644.9 1794.1 1000

5 294.0 454.5 643.2 958.5 1229.4 2023.5 2091.9 1728

6 216 343 512 729 1000  1833.1 2197

7 1728

Let v1(Y$"" (¢, d)) represent the coefficient of skewness of the number of games remaining in a
tiebreak set at game score (¢, d) for player A serving. Then

E(XZ7 (c,d)) = BE(XE (c, d)*) E(XF" (¢, d)) + 2E(XT" (c,d))°

’Yl(YXST (c,d)) = UQ(YXST (c d))3/2 ’

for 0 <e<b5and 0<d <5, or for (¢,d) = (6,5) or (5,6), and
’Yl(YjsT(G,(S)) = 0

Table 6.10 represents the coeflicient of skewness of the total number of games played in a tiebreak
set at various score lines for player A serving given py = 0.62 and pp = 0.60. It shows that the
coeflicient of skewness from the outset in such a set is 0.3.
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Table 6.10: The coefficient of skewness of the total number of games played in a tiebreak set
at various score lines for player A serving given ps = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6

03 02 03 05 1.0 2.3

03 03 02 04 038 1.9

06 04 03 0.2 0.5 1.5

09 07 05 01 -0.1 1.2

1.8 15 1.1 09 -03 -0.9

27 30 26 18 15 —-05 -1.3
1.3 0

A score

DO W N~ O

Let BE(X%"(a,b: ¢,d)?) represent the third moment of the total number of games played in a
tiebreak set at point and game score (a,b : ¢, d) for player A serving. Then

E(X57(a,b: ¢,d)?) = PR (a,b)B(XET (c + 1,d)*) + (1 — Py (a, b)) E(XE7 (¢, d + 1))

Let v (Y{*"(a,b : ¢,d)) represent the coefficient of skewness of the number of games remaining
in a tiebreak set at point and game score (a,b : ¢,d) for player A serving. Then

(YT (a,b: e,d)) = [E(XTT(a,b: ¢,d)?) — 3E(XS T (a,b: ¢,d)*)E(XS T (a,b: ¢,d))
+2B(X5 (a,b: ¢,d))%) /a2 (YT (a,b - ¢,d))/>.

Let E(X$7" (e, d)?) represent the fourth moment of the total number of games played in a
tiebreak set at game score (c,d) for player A serving.
Recurrence formula:

E(XYT (e, d)*) = pA E(XET (c+1,d)*) + ¢4 E(XE T (¢, d + 1)*).

Boundary values:

E(X%7(6,0)) = BE(X%7(0,6)") = 1296,
E(X57(6,1)%) = B(X%7T(1,6)") = 2401,
E(X%7(6,2)") = BE(X%7(2,6)") = 4096,
E(X57(6,3)") = B(X%7(3,6)*) = 6561,
E(X%7(6,4)") = E(X%$7(4,6)") = 10000,
BE(X§7(7,5)%) = B(X$7 (5,7)1) = 20736,
E(X%7(6,6)*) = 28561

Table 6.11 represents the fourth moment of the total number of games played in a tiebreak set
at various score lines for player A serving given p4 = 0.62 and pp = 0.60.

Let y2(Y{*" (¢, d)) represent the coefficient of excess kurtosis of the number of games remaining
in a tiebreak set at game score (¢, d) for player A serving. Then

(Y7 (e, d)) = [BXET (e, d)Y) — 4E(X5T (¢, d)*) B(XST (e, )
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Table 6.11: The fourth moment of the total number of games played in a tiebreak set at
various score lines for player A serving given p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6 7
0 122975 12882.3 11737.3 9970.3 6214.3 3548.6 1296
1 11097.2 13312.7 13987.8 12230.9 9848.1  5427.2 2401
2 9628.6 11827.0 14662.5 15510.5 12588.4 9205.8 4096
Ascore 3 6529.7 10034.8 12638.4 16604.3 17811.1 124414 6561
4 43315 63714 10363.8 13511.6 19870.6 22154.8 10000
5 2103.3 3740.5 5794.6 9915.2 13511.4 25666.2 26807.1 20736
6 1296 2401 4096 6561 10000  22489.9 28561
7 20736

—3B(X57 (e, d)?)? + 12B(XY " (¢, d)*) BE(X5T (¢, d))?
— 6E(X57 (¢, d))"]/0* (Y (¢, d))?,

for 0 < e <5and 0<d<5,or for (¢,d) = (6,5) or (5,6), and

12 (Y{°"(6,6)) = 0.

Table 6.12 represents the coefficient of excess kurtosis of the total number of games played in
a tiebreak set at various score lines for player A serving given py = 0.62 and pg = 0.60. It shows
that the coefficient of excess kurtosis from the outset in such a set is —0.9.

Table 6.12: The coefficient of excess kurtosis of the total number of games played in a tiebreak
set at various score lines for player A serving given p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6
0O -09 —-10 -0.8 —-0.7 0.7 6.5
1 -07 -11 —-12 —-0.9 —-05 4.2
2 —-06 —-08 —-14 -—-15 -0.8 1.1
Ascore 3 04 —-05 -08 —-16 —-16 02
4 34 20 -01 -07 -1.7 -03.8
5 94 9.8 6.7 1.4 03 —-1.7 -02
6 —0.2 0

Let E(X%(a,b: ¢,d)*) represent the fourth moment of the total number of games played in a
tiebreak set at point and game score (a,b : ¢, d) for player A serving. Then

E(X$(a,b:c,d)?) = PY(a, b)) E(XET (c+ 1,d)*) + (1 — PR¥(a, b)) E(XET (c,d + 1)%).
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Let %2(Y{*"(a,b : ¢,d)) represent the coefficient of excess kurtosis of the number of games
remaining in a tiebreak set at point and game score (a,b : ¢,d) for player A serving.

Y (YT (a,b: ¢,d)) = [E(XET(a,b: e, d)*) — 4E(XT (a,b: ¢, d)*)E(XS T (a,b: ¢, d))
—3B(X{"(a,b: ¢,d)?)? + 12B(X{ 7 (a,b: ¢, d)*) BE(XY T (a,b: ¢, d))?
—6E(X%7 (a,b: ¢, d)h)]/o* (Y (a,b: c,d)).

6.5 Number of games in an advantage set

The moment generating function for the total number of games played in an advantage set from
(5,5) with player A serving is given by
(Phap + ¢hpp)e'™

M g5 t) = .
X3 (5,5)( ) 1— (pf’qu T quB)th

Let E(X% (¢, d)) represent the first moment of the total number of games played in an advantage
set at game score (c,d) for player A serving.
Recurrence formula:

E(X%(c,d)) = p4 E(XE (c+1,d)) + ¢4 E(XE (c,d + 1)).

Boundary values:

E(X3(6,0)) = B(X3(0,6)) = 6,
E(X3(6,1)) = E(X(1,6)) =17,
E(X3(6,2)) = BE(X}(2,6)) =8,
E(X3(6,3)) = BE(X}(3,6)) =9,
E(X3(6,4)) = BE(X} (4,6)) = 10,

2(5¢% 4% + 5p%p%; — 6)
ahal + % —1

Let u(Y$%(c,d)) represent the mean number of games remaining in an advantage set at game
score (c,d) for player A serving. Then

M(Yjs(Q d)) = E(Xfls(c, d)—c—d

for0<c<band 0<d<5h.
Let E(X% (a,b : ¢,d)) represent the first moment of the total number of games played in an
advantage set at point and game score (a,b : ¢,d) for player A serving. Then

E(X%(a,b:c,d)) = Pi(a,b)E(XE (c+1,d)) + (1 — PY(a, b)) E(X% (¢, d + 1)).

Let u(Y3’(a,b : ¢,d)) represent the mean number of games remaining in an advantage set at
point and game score (a,b : ¢,d) for player A serving. Then

WY (a,b:e,d)) = E(XY (a,b:c,d)) —c—d.

Let E(X%(c,d)?) represent the second moment of the total number of games played in an
advantage set at game score (c,d) for player A serving.
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Recurrence formula:
E(X%(c,d)?) = pY E(X% (c+1,d)%) + ¢4 BE(XE (c,d + 1)2).

Boundary values:

E(X%°(6,0)%) = B(X%(0,6)?) = 36,
E(X%7(6,1)%) = B(X%'(1,6)%) = 49,
E(X%(6,2)%) = B(X%'(2,6)%) = 64,
E(X%(6,3)%) = B(X%'(3,6)%) =81,
E(X%°(6,4)%) = B(X4'(4,6)%) = 100,

and

4(25(¢%)*(ah)? + 50pYphaiiap — 594445 + 25(0%)° (p%)? — 59p%p% + 36)
(¢hah + Phrh — 1)

E(X{(5,5)%) =
Let 02(Y?*(c,d)) represent the variance of the number of games remaining in an advantage set
at game score (c,d) for player A serving. Then
o*(Y{*(c,d)) = B(XF (c,d)?) — B(XF (c,d))?

for0<e<band 0<d<5h.
Let E(X%’(a,b: ¢,d)?) represent the second moment of the total number of games played in an
advantage set at point and game score (a,b : ¢,d) for player A serving. Then

E(X%(a,b: c,d)?) = PY¥(a,b) E(XE (c+1,d)?) + (1 — PY(a, b)) E(X% (c,d + 1)?).

Let o2 (Y{%(a,b : ¢,d)) represent the variance of the number of games remaining in an advantage
set at point and game score (a,b : ¢, d) for player A serving. Then

c2(Y{(a,b: c,d)) = BE(X$ (a,b: ¢,d)?) — B(X% (a,b: ¢,d))>.

Let E(X%(c,d)?) represent the third moment of the total number of games played in an advan-
tage set at game score (c,d) for player A serving.
Recurrence formula:

E(X%(c,d)*) = p B(X% (c+1,d)%) + ¢4 E(X% (c,d +1)?).

Boundary values:

v

B(X%(6,0)%) = E(X%(0,6)%) = 216,
E(X%(6,1)%) = B(X%(1,6)%) = 343,
E(X%'(6,2)°) = E(X%'(2,6)?) = 512,
E(X9°(6,3)%) = B(X%(3,6)%) = 729,
E(X%(6,4)%) = E(X%(4,6)%) = 1000,
(X557 = M, 0)
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Table 6.13: The third moment of the total number of games played in an advantage set at
various score lines for player A serving given p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6
0 1879.1 1976.4 1754.2 1524.3 861.9 514.8 216
1 1644.0 2049.2 2169.7 1814.5 1486.4 716.0 343
2 1456.8 17459 2286.3 2452.4 1829.5 1319.8 512
Ascore 3 908.0 1509.3 1850.6 2652.0 2918.1 1691.8 729
4 628.3 855.8 1530.1 1932.3 3312.4 3847.5 1000

5 310.1 526.5 741.0 1395.0 1822.6 4670.1
6 216 343 512 729 1000

Table 6.13 represents the third moment of the total number of games played in an advantage
set at various score lines for player A serving given p4 = 0.62 and pp = 0.60.

Let v1(Y$%(c, d)) represent the coefficient of skewness of the number of games remaining in an
advantage set at game score (c,d) for player A serving. Then

BE(X% (c,d)’) = BE(XF (¢, d)*) E(XY (¢, d)) + 2E(XF (¢, d))°
o* (Y3 (e, d))*/?

Nn(Yi (e, d)) =

for0<c<band 0<d<5h.

Table 6.14 represents the coefficient of skewness of the total number of games played in an
advantage set at various score lines for player A serving given py = 0.62 and pg = 0.60. It shows
that the coefficient of skewness from the outset in such a set is 2.5.

Table 6.14: The coefficient of skewness of the total number of games played in an advantage
set at various score lines for player A serving given p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

25 24 26 26 35 54
26 24 24 27 29 53
27 27 24 23 29 3.7
34 28 28 22 21 36
45 44 32 31 21 19
5.8 6.5 6.3 39 3.7 21

A score

Gl W N~ O

Let E(X% (a,b : ¢,d)?) represent the third moment of the total number of games played in an
advantage set at point and game score (a,b : ¢,d) for player A serving. Then

E(X%(a,b:c,d)?) = P (a,b)E(XE (c+1,d)%) + (1 — P¥(a,b))E(XE (c,d + 1)%).
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Let v1(Y{*(a,b : ¢,d)) represent the coefficient of skewness of the number of games remaining
in an advantage set at point and game score (a,b : ¢, d) for player A serving. Then

71 (Y (a,b: ¢, d)) = [E(XS (a,b: ¢,d)?) — 3E(X (a,b: ¢,d)*) E(XS (a,b: c,d))
+2B(X5 (a,b: ¢, d))3] /o2 (Y (a,b: ¢,d))3/?,

Let E(X%(c,d)?) represent the fourth moment of the total number of games played in an
advantage set at game score (c,d) for player A serving.
Recurrence formula:

E(X%(c,d)") = ph B(XE (c+ 1,d)") + ¢4 B(XE (c,d + 1)h).

Boundary values:

E(X%(6,0)*) = E(X%(0,6)*) = 1296,
B(X%(6,1)") = E(X%(1,6)*) = 2401,
B(X%(6,2)") = E(X%'(2,6)*) = 4096,
B(X%(6,3)") = E(X%(3,6)*) = 6561,
B(X%(6,4)") = E(X%(4,6)*) = 10000,
E(X%(5,5)") = Mi): 5 ., (0)

Table 6.15 represents the fourth moment of the total number of games played in an advantage
set at various score lines for player A serving given p4 = 0.62 and pg = 0.60.

Table 6.15: The fourth moment of the total number of games played in an advantage set at
various score lines for player A serving given p4 = 0.62 and pg = 0.60

B score
0 1 2 3 4 5 6

0 32606.2 34608.6 29771.3 25613.1 11778.5 5832.5 1296

1 27459.1 36105.7 38678.7 30785.3 24544.5 8370.9 2401

2 24132.6 29336.4 41126.1 44805.6 30680.0 20344.9 4096
A score 3 12666.9 24957.4 31219.0 49136.0 55258.3 26798.4 6561

4 7930.6 11110.0 24914.1 32358.8 63988.2 76481.9 10000

5 2630.1 5644.7 8382.7 21462.1 29205.8 95687.7

6 1296 2401 4096 6561 10000

Let y2(Y$’(c,d)) represent the coefficient of excess kurtosis of the number of games remaining
in an advantage set at game score (c,d) for player A serving. Then

2 (Y{ (e, d) = (B(X (c,d)*) — 4B(X% (¢, d)*) E(XG (¢, d)) — BE(X (¢, d)*)?
+12E(X% (¢, d)*) E(X% (¢, d))?* — 6E(X% (¢, d)*) /a*(Y (e, d))?

for0<ec<bhand 0<d<5h
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Table 6.16: The coefficient of excess kurtosis of the total number of games played in an
advantage set at various score lines for player A serving given py = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

90 87 99 100 212 46.7
106 87 83 106 11.8 45.5
10.7 111 82 7.6 12.0 188
195 116 116 7.2 64 182
31.5 30.5 14.0 135 62 5.6
72.7 644 609 202 184 6.2

A score

Tt W N = O

Table 6.16 represents the coefficient of excess kurtosis of the total number of games played in an
advantage set at various score lines for player A serving given py = 0.62 and pg = 0.60. It shows
that the coefficient of excess kurtosis from the outset in such a set is 9.0.

Let E(X%(a,b: c,d)*) represent the fourth moment of the total number of games played in an
advantage set at point and game score (a,b: ¢,d) for player A serving. Then

E(X%(a,b: c,d)*) = PY(a,b) E(XE (c+ 1,d)*) + (1 — PY(a, b)) E(XE (c,d + 1)%).

Let y2(Y{*(a,b : ¢,d)) represent the coefficient of excess kurtosis of the number of games re-
maining in an advantage set at point and game score (a,b : ¢, d) for player A serving. Then

(Y (a,b: c,d)) = [E(X5(a,b: ¢, d)*) — 4B(X5 (a,b : ¢,d)*) E(XS (a,b : ¢, d))
—3B(X%(a,b: ¢,d)?)? + 12E(X%(a,b : ¢, d)*)E(X% (a,b : ¢,d))?
—6E(X%(a,b: ¢, d)*)/o* (Y (a,b: ¢,d))>.

6.6 Number of sets in a match

Let E(X*™5 (e, f)) represent the first moment of the total number of sets played in a best-of-5 set
match at set score (e, f).
Recurrence formula:

E(Xsm5(6,f)) — pSTE(X5m5(6 + 17f)) + qSTE(XSmS(e,f + 1))

Boundary values:

E(X®m5(3,0)) = E(X®*™5(0, =3,
E(X8m5(37 ) :E(XsmS(LB =4,
B(X™(2,2)) = 5.

Let u(Y*™5 (e, f)) represent the mean number of sets remaining in a best-of-5 set match at set
score (e, f). Then

p(Y*" (e, f)) = E(X*™ (e, f)) —e = f
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for0<e<2and 0< f <2
Let E(X 3" (a,b:c,d: e, f)) represent the first moment of the total number of sets played in a
best-of-5 set match at point, game and set score (a,b: ¢,d : e, f) for player A serving. Then

E(X{™(a,b:c,d:e, f)) =Py (a,b:c,d)E(X*™(e+1, f))
+ (1= P (a,b:c,d))E(X (e, f +1)).

Let u(Y;™(a,b : ¢,d : e, f)) represent the mean number of sets remaining in a best-of-5 set
match at point, game and set score (a,b: ¢,d : e, f) for player A serving. Then

p(Y " (a,b:c,d:e, f)) =E(X{"(a,b:c,d:e, f)) —e— f.

Let E(X*™5 (e, f)?) represent the second moment of the total number of sets played in a best-of-5
set match at set score (e, f).
Recurrence formula:

E(Xsm5 (e’ f)2) _ psTE(Xsm5(€ +1, f)2) + qSTE(XsmS(G,f + 1)2).

Boundary values:

Let o2(Y*™5 (e, f)) represent the variance of the number of sets remaining in a best-of-5 set
match at set score (e, f). Then

(Y™ (e, f)) = B(X*™ (e, f)?) = B(X*™" (e, f))?

for0<e<2and 0< f <2
Let BE(X 3" (a,b: c,d : e, f)?) represent the second moment of the total number of sets played
in a best-of-5 set match at point, game and set score (a,b: ¢,d : e, f) for player A serving. Then

E(X{"(a,b:c,d: e,f)2) = P (a,b: ¢, d)E(X*5 (e + 1, f)2)
+ (1= P87 (a,b: c,d)E(X*™5 (e, f +1)%).

Let o2(Y{™(a,b : ¢,d : e, f)) represent the variance of the number of sets remaining in a
best-of-5 set match at point, game and set score (a,b: ¢,d : e, f) for player A serving. Then

02(Y5m5(a,b ce,de f)=E(X " (a,b:c,d:e, f)2) — BE(X{"(a,b:c,d:e, f))2.

Let E(X*™5 (e, f)3) represent the third moment of the total number of sets played in a best-of-5
set match at set score (e, f).
Recurrence formula:

B(X*™ (e, £)*) = pTE(X*™ (e +1, /)*) + ¢ T B(X*™ (e, f +1)%).

Boundary values:
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Table 6.17: The third moment of the total number of sets played in a best-of-5 set match at
various score lines given py = 0.62 and pg = 0.60.

B score
0 1 2 3

0 76.3 82.6 67.7 27
Ascore 1 71.5 939 98.6 064

2 544 904 125

3 27 64

E(X®™5(2,2)3) = 125.

Table 6.17 represents the third moment of the total number of sets played in a best-of-5 set
match at various score lines given p4 = 0.62 and pp = 0.60.

Let v1 (Y5 (e, f)) represent the coefficient of skewness of the number of sets remaining in a
best-of-5 set match at set score (e, f).

E(X (e, f)*) = BE(X*™ (e, f))E(X™™ (e, f)) + 2E(X*™ (e, f))?

(Y5 (e, f)) = o2(Yms (e, f))3/2 )

for0<e<land 0< f<1orfor (e f)=(20),(21),(0,2), or (1,2), and
1 (Y*"(2,2)) = 0.

Table 6.18 represents the coefficient of skewness of the total number of sets played in a best-of-5
set match at various score lines given p4 = 0.62 and pp = 0.60. It shows that the coefficient of
skewness from the outset in such a match is —0.17.

Table 6.18: The coefficient of skewness of the total number of sets played in a best-of-5 set
match at various score lines given ps = 0.62 and pp = 0.60.

B score
0 1 2

0 —-0.17 —-0.40 0.21
A score 1 0.01 0.04 —0.27
2 0.78 0.27 0

Let E(X3"(a,b:c,d: e, f)%) represent the third moment of the total number of sets played in
a best-of-5 set match at point, game and set score (a,b: ¢,d : e, f) for player A serving. Then
E(X{™(a,b:c,d e, [)®) = P (a,b: c,d)E(X*™ (e + 1, f)?)
+ (1= PET(a,b: c,d)E(X*™5 (e, f +1)%).
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Let v1(Y;™(a,b: c,d : e, f)) represent the coefficient of skewness of the number of sets remain-
ing in a best-of-5 set match at point, game and set score (a,b : ¢,d : e, f) for player A serving.
Then

V(Y™ (a,b:e,d e, f)) = (BE(X{™ (a,b: e d e, f)*) = 3E(X ™ (a,b: c,d : e, f)?)
E(X5™(a,b:c,d e, f)) +2B(X{™(a,b: c,d: e, f))?)
Jo2 (Y55 (a,b e d z e, )32
Let E(X5™5 (e, f)*) represent the fourth moment of the total number of sets played in a best-of-5

set match at set score (e, f).
Recurrence formula:

E(X*™5 (e, f)4) = pTE(X ™ (e + 1, f)4) + P TE(X ™5 (e, f + 1)4).
Boundary values:

E(X*™5(3,0)%) = BE(X*™5(0,3)%) = 81,
E(X*™5(3,1)1) = B(X*™(1,3)1) = 256,

Table 6.19 represents the fourth moment of the total number of sets played in a best-of-5 set
match at various score lines given p4 = 0.62 and pg = 0.60.

Table 6.19: The fourth moment of the total number of sets played in a best-of-5 set match
at various score lines given py = 0.62 and pg = 0.60.

B score
0 1 2 3

0 343.1 3776 2994 81
Ascore 1 3169 437.1 465.6 256

2 2255 4154 625

3 81 256

Let v2(Y*™5 (e, f)) represent the coefficient of excess kurtosis of the number of sets remaining
in a best-of-5 set match at set score (e, f). Then

12 (Y (e, £)) = (B(X*5 (e, £)F) — 4B(X*"5 (e, £)°)E(X* (e, f)) = BE(X*™ (e, f)?)°
+12B(X°"5 (e, f))E(X™ (e, f))* = 6E(X™ (e, f))1)/0* (Y™ (e, f))?

)
for0<e<1land 0< f <1, orfor (20); (e f)=(2,1), (0,2), or (1,2), and
72(Y*"(2,2)) = 0.

Table 6.20 represents the coefficient of excess kurtosis of the total number of sets played in
a best-of-5 set match at various score lines given p4 = 0.62 and pp = 0.60. It shows that the
coeflicient of excess kurtosis from the outset in such a match is —1.4.
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Table 6.20: The coefficient of excess kurtosis of the total number of sets played in a best-of-5
set match at various score lines given p4 = 0.62 and pg = 0.60.

B score
0 1 2

0 —-14 —-11 -16
Ascore 1 —-14 —-20 -1.9
2 —09 -—-19 0

Let B(X5™(a,b: c,d : e, f)*) represent the fourth moment of the total number of sets played
in a best-of-5 set match at point, game and set score (a,b: ¢,d : e, f) for player A serving. Then

E(X(a,b:c,d e, f)Y) = PP (a,b: ¢, d) E(X*™ (e + 1, f)*)
(L= PET(ab s e, d)B(X™ (e, | + 1)),
Let y2(Y; ™ (a,b : ¢,d : e, f)) represent the coefficient of excess kurtosis of the number of sets

remaining in a best-of-5 set match at point, game and set score (a,b : ¢,d : e, f) for player A serving.
Then

Y (Y™ (a,b:c,d e, f))
= (B(XY™(a,b:c,d:e, [)*) —4BE(X" (a,b:c,d : e, {)*)E(X™ (a,b: c,d : e, f))
—3E(X9™(a,b:e,d e, £)*)? +12B(X5™ (a,b: c,d s e, f)))E(X"(a,b: c,d : e, f))?
—6E(X5™ (a,b:c,d e, f))1) /(Y™ (a,b: c,d : e, f))*
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Chapter 7

Duration of a match 3

7.1 Introduction

Chapter 7 extends on Chapter 6 by obtaining the parameters of the distribution (mean, variance,
skewness and kurtosis) of the number of points remaining in a set from any point and game score in
the set; and in a match from any point, game and set score within the match. The four parameters of
distribution of the number of points in a match are then applied to a mathematical technique known
as the Normal Power (NP) approximation, to estimate the distribution of the number of points
remaining in a match. The time duration of a match is also obtained using the NP approximation
to estimate the amount of time remaining in the match.

7.2 Number of points in a game

In Chapter 4 on the duration of a game a moment generating function was derived to obtain the
parameters of the distribution of the total number of points played in a game. Since prior to deuce,
there are only three possible outcomes (the game finishes in either 4, 5 or 6 points); the probabilities
were readily utilized from Chapter 1, and therefore it was not necessary to condition on whether
player A or player B won the game. Similar reasoning applies for obtaining moment generating
functions for the total number of games played in a set and the total number of sets played in a
match. However, to obtain a moment generating function for the total number of points played in a
set requires conditioning on whether player A or player B won each game of the set, since there are
a relatively ‘large’ number of possible outcomes to use the standard moment generating function
formula (as was the case for the total number of points played in a game). Further, to obtain a
moment generating function for the total number of points played in a match requires identifying the
probabilities of player A and player B serving first at the start of each set, and therefore obtaining
probabilities of each set finishing in an odd and even number of games. So to obtain the parameters
of distribution for the total number of points played in a match (and likewise the number of points
remaining in a match) conditional on the score line, requires some deeper mathematical ideas to
what has been used in previous chapters.

First we need to develop our tools to handle simultaneously change in the probabilities of each
player winning and the change in the total number of points in a game, set or match as each point
is played.

One essential tool is the moment generating function of a random variable as given in Sec-
tion 4.3. Denote by m,x the nth moment of the random variable X. Then m,x = E(X") for

93
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n=1213.4,....
Recall that the series expansion of ef is given by
2 3 4
S R A A S
20 31 4l

Let

Mx(t) = E(eX")
— BE(1) + E(X1) + E<X2t2> 4 E<X3t3> +E

X4t
(K)o

Mx (t) is called the moment generating function of the random variable X, and ¢ is called the
auxiliary variable. If we differentiate once with respect to ¢, and put ¢ = 0 we find that

2! 3!
2 t3 t4
= 1+m1Xt+m2X5+m3X§+m4xﬂ+....

MP(0) = myx.
If we differentiate twice with respect to ¢, and put t = 0 we find that
Mg) (0) = max.

This process can be extended to recover as many moments as desired. We will restrict ourselves
here to the first four moments. Throughout this chapter we assume that all the moments are finite.
However, as an aside, we note that there are some distributions for which this assumption would
not be true, and in these circumstances the moment generating function would not exist.

Our use of the moment generating functions to add up the statistics on the number of points is
based on the following theorem.

Theorem 7.2.1. Let Z = X +Y, where X and Y are independent random variables, then Mz(t) =
Mx (t) My (t).

Proof. My(t) = E(e?t) = E(eXTY) = E(eXY)E(e¥t) = Mx (t) My (t). O

The important step in this proof is the factorization of the joint distribution of X and Y to
calculate two separate expectations. The main assumption in our model of tennis is that the
probabilities of each server winning a point on serve are constant, but not necessarily the same.
This assumption enables us to forget about the winner of the last point once we have recorded the
result and updated the score. This loss of memory is called the Markov property. It enables us to
claim that the winner of the next point is independent of the winner of the previous point. This
independence is critical to our model; however the assumption of constant probability of the server
winning a point could be weakened a little provided we still retained the Markov property.

The algorithm for extracting the moments of the sum of independent random variables is the
following;:

miz = miy +mix

Moz = May + 2mixmiy + Max

m3z = m3y + 3mixmeoy + 3moxmiy + msx

Maz = May + dmixmsy + 6maxmay + dmsxmyy + max
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This is a simple corollary of Theorem 7.2, which can be obtained by successive differentiation
with respect to t, and putting ¢ to 0.

The outline of our strategy to solve the problems raised in this chapter is easy to state. For
a partially completed match, we combine estimates of the remaining points played in the partially
completed game, estimates of the remaining points played in the partially completed set at the end
of the current game, and estimates of the remaining points played in the partially completed match
at the end of the current set.

Our task is made more difficult by the rules relating to rotation of service between the players
after each game, and for the rotation of service within tiebreak games. We develop a notation that
requires us to specify the server at the start of each game, or each set, in an effort to reduce the
complexity of our task. Thus an initial step, when given the current score and current server in a
partially completed match, is the determination of the server at the start of the current set.

The score for a match in progress will be denoted by (a,b : ¢,d : e, f), where (a,b) is the score
in points, (¢,d) is the score in games, and (e, f) is the score in sets, for player A and player B
respectively. We will use a truncated form of this notation whenever it is convenient so to do.

Example: Best-of-5 final set advantage match, current score (2,1 : 2,0 : 0,2), current server
player A. We can deduce from this information that the current set is a tiebreak set, with player A
serving at the first point of this set.

The common notation for the score in this example might be 4-6, 4-6, 2-0 with player A serving
at 30-15. The common notation is more than just a transcription and transposition of our preferred
notation. It provides more information about the past history of the match, and as such it is possible
to determine that player A served at the first point of the match, in addition to serving at the first
point of the current set. However this extra information does not help in estimating the number of
remaining points in the match.

Consider the scenario in the example above. There is a possibility that player A will win the
third tiebreak set, and the number of remaining points will be large. However if player A loses his
current lead in this set and player B succeeds in winning the current game, then the number of
remaining points played in the match will be modest, even if the outcome is decided by playing a
tiebreak game. The key point here is that it is necessary to track separately the cases where player
A is winning or losing a set. The same observation applies to a point, a game, a match, or even the
server.

A tennis match consists of four levels - (points, games, sets, match). It becomes necessary to
represent:

points in a point as pp,

points in a game as pg,

points in a tiebreak game as pgr,

points in an advantage set as ps,

points in a tiebreak set as psr,

points in a best-of-5 all tiebreak set match as pmsp,

points in a best-of-5 final set advantage match as pms.

Let s4, sp represent the condition that player A and player B, respectively served first at the
beginning of a set. Let c4, cp represent the condition that player A and player B, respectively are
currently serving in the set at the score (a,b : ¢,d). If (a,b) is not a boundary score for the current
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game then

(ca,cp) if (¢+d) mod 2 =0,
(s4,8B) = .
(c,ca) if (c+d) mod 2 =1.

except in the case of the tiebreak game of the tiebreak set, with (¢, d) = (6,6), when

(ca,cp) if (c+d) mod 4 =0 or 3,
(sa,sB) = _
(cg,ca) if (c+d) mod 4 =1 or 2.

Let PP*(a,b : ¢,d | s4) represent the probability of player A winning an advantage set at this
score, and player A serving first in the current set. Let YP*(a,b: ¢,d | s4) be the number of points
remaining in the set at this score with player A serving first in the current set. This number is a
random variable. Let Myps(q p:c.d|s A)(t) be its moment generating function.

Similarly let PP5(a,b: ¢,d | wa, s4) represent the probability of player A winning an advantage
set at this score, and player A serving first in the current set. Let YP¥(a,b : ¢,d | wa,s4) be a
random variable of the number of points remaining in the set at this score conditional on player A
both winning the set, and serving first in the current set. Let Myps(a’bzc’d‘wA,SA)(t) be its moment
generating function conditional on player A both winning the set, and serving first in the current
set.

Many variants of this notation will be used. The representation of the score will be restricted
whenever it is not essential to display the full score. Other symbols include B for player B, [ for
the condition of losing, and n for the condition of serving next.

The next step is to introduce weighted moment generating functions. Let X be a conditional
random variable. Let C' be the condition that X occurs with probability px. Then

Wxc(t) = px Mx (t).

This product of a probability and its associated moment generating function is defined as a weighted
moment generating function. The weight is the probability measure such that the conditions applied
to the random variable are true.

Denote by w,x the weighted nth moment of the random variable X. Then

Wpx = PxMpx forn=1,2,3,....

The more important situation for us arises when the score does change. Let X and Y be
independent random variable with conditional probabilities px and py, respectively, of occurring.
Let Z denote the random variable for their sum, Z = X 4+ Y when both X and Y occur. Then
pz = pxpy. It follows from Theorem 7.2 that the weighted moment generating functions satisfy

Waicn,0.(t) = Wxic, () Wy oy (1)

The algorithm for extracting the weighted moments is the following:

Pz = pxpy,
Wiz = pxwiy + wWixpy,
woyz = pxway + 2wixwiy + waxpy,
w3z = pxwsy + 3wixwey + 3waxwiy + wixpy,

Wiz = pxway + 4wixwzy + 6woxwoy + 4dwsxwiy + waxpy -
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We now develop the algebra for weighted moment generating functions. We are able to add
together two weighted moment generating functions whenever we encounter two mutually exclusive
cases. Two simple examples where the score does not change are:

(a) Condition on initial server:

WYPS(a,b:c,d) (t) = Wywps (a,b:c,d\sA)(t) + WYPS(a,b:c,d|sB)(t)'

(b) Condition on winning or losing:

WYPS(a,b:c,d\sA) (t) = WYPS(a,b:c,d|wA,sA) (t) + WYPS (a,b:c,d|la,sa) (t) .

We now apply these ideas to the playing of a single point. In this case some of the notation
appears to degenerate, so we must be careful. However this analysis will be used whenever the score
changes as a point is played in a game, a set, or a match.

Each point played is a single point, irrespective of the score. For player A serving, the probability
of winning the point is denoted by p4 irrespective of the score and g4 = 1—pa. Let PPP(() | ca,w4)
and PPP(() | ca,la) represent the probabilities of player A winning and losing a point on serve
respectively from score line () within the point. It follows that:

PPP(() | caywa) = pa,
PPP(() | casla) = qa.

Let YPP(() | c4) represent the number of points remaining in the point from score line () with
player A serving. Each point played is a single point, so YPP(() | ca) = 1. Let YPP(() | ca,wa)
and YPP(() | ca,l4) represent the number of points remaining in the point from score line () given
player A won and lost the point respectively with player A serving.

Therefore:

My ()1 (t) = E(e" 0l = B(e') = ¢,
Wyrn((leawa) (t) = PPP(() | ca,wa) My (e, (t) = pae'.

This is a fundamental brick in the model.
It is easy to check that

wp(YPP(() | ca,wa)) =pa forn=0,1,2,3,....

Likewise,
Wy (()lenin) () = PPP(O) | ea,la) Mywo((e)(t) = gaE(e")

and
wn(YPP(() | ca,la)) = qa forn=10,1,2,3,....

In the following sections of this chapter we will describe the stages in the solution to our problems
using backwards recursion. If we were using forward recursion it would be more natural to study
the total number of points played to reach the current score line. The results for a completed game,
set or match should be identical irrespective of the method used. Thus the two alternative methods
provide us with a means of checking numerical calculations.

We will now apply the additional theory above to obtain the weighted moments of the number
of points remaining in a game at point score (a,b) for either player A or player B serving, and
winning or losing the game respectively. Whenever a point is played in a game, the score takes a
branch in one of two directions, as illustrated below. Weighted moment generating functions can
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Figure 7.1: Graphical representation of the point played in a game at score (a,b).

be used to analyze the change in the number of remaining points in the game conditional on the
server winning or losing the game.

Let Wypg(a,blea,wa)(t) and Wypg(q pic,.14)(t) represent the weighted moment generating functions
of the number of points remaining in the game from score line (a,b) given player A is serving and
player A won and lost the game respectively.

Theorem 7.2.2.

WYPQ(a,b|cA,wA)(t)
= Wy (Oleaswa) OWyrs @ipleawa) () + Wyrr e ta) OWyrsapi1ica,wa) (F)-
Proof. My (qplcswa)(t) = E(etY"(ableawa)) s an expectation that is calculated before the point
at score (a,b) has been played. The point played is won and lost with probability ps and ¢a
respectively, where p4a + g4 = 1 since there are only two possible outcomes. When we try to

recalculate the original expectation after the point has been played we obtain the weighted sum of
two expressions

My vo(aples wy) (t) = paB (et @TLbeawa)y pra(q 415 | cq,wa) /PP (a,b | ca,wa)

+ qa B0 bt leawa)ypra(q b+ 1 | ca,wa)/PP(a,b | ca,wa),
where the odds ratios
PPY(a+1,b|ca,wa)/PP(a,b| ca,wa) and PP (a,b+ 1| ca,wa)/PP(a,b]|ca,wa)

reflect the changes in the chances of player A winning when the score is updated after winning or
losing the point, respectively. The count of 1 for the point played is independent of the distribution
of the remaining points after the point has been played, so, as in Theorem 7.2, we can factorize the
expectations to obtain

E(et(1+Yp9(a+1,b|cA,wA))) _ E(et)E(et(ng(a+l,b|cA,wA)))

and
E(et(1+yp9(a,b-i—l\cA,wA))) _ E(et)E(et(Y”g(a,b+1\CA,wA)))_

After some rearrangement we find that

PP(a,b | ca, wA)Mng(a’ch,wA)(t) = pAE(et)Ppg(a +1,b | ca, wA)E(et(ng(a+1,b|cA,wA)))
+qaBE(e )PP (a, b+ 1| ca,wa) B! (@b Hleamwal)y,
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The only step that is left is the identification of the various terms in this expression as weighted
moment generating functions, to obtain

Wyrps(apleawa)(t) = Wyer((lea,wa) OWyrsatplea,wa) () + Wyor()leain) OWyrs apt1jeawa) (L)
]

Note carefully in Theorem 7.2.2 how first we are able to multiply the weighted moment gener-
ating functions on each path of this branching process which arises when scoring, because the steps
on each branch are independent; and then add the results of this multiplication, because the paths
are mutually exclusive.

Let Wypg(a,bjeqw 4)(t) represent the weighted moment generating function of the number of
points remaining in a game at point score (a,b) given player A is serving and wins the game.

It follows that

WYP!?(a,b|cA,wA)(t) = Ppg(a, b | CA7wA)MYPQ(a,HcA,wA)(t)a

where My pg(q plc 4w ,4) (f) 1S the moment generating function of the random variable Y?9(a, b | ca,wa).
By successive differentiation with respect to t from Theorem 7.2.2, and setting ¢ = 0 we obtain
the following recurrence formulas.

w1 (YP(a,b | ca,wa)) = pawr(YP(a+1,b | ca,wa)) + gawr (Y (a,b+ 1 | ca,wa))
+paPPa+1,b| ca,wa) + qaPP(a,b+ 1] ca,wa),
wa(YPI(a,b | ca,wa)) = pawa(YP(a+1,b | ca,wa)) + qawa(YP9(a,b+ 1| ca,wa))
+2paw1(YP(a+ 1,0 ca,wa)) + 2qaw1 (Y (a,b+ 1| ca,wa))
+paPP(a+1,b| ca,wa) + qaPP(a,b+ 1] ca,wa),
w3(YP9(a,b| ca,wa)) = paws(YP(a+1,b | ca,wa)) + qaws(YP(a, b+ 1 | ca,wa))
+ 3paw2(YP(a+1,b| ca,wa)) + 3qaw2 (Y (a,b+ 1| ca,wa))
+3pawi(YP(a+1,b | ca,wa)) + 3qaw1 (YP(a, b+ 1] ca,wa))
+paPP(a+1,b ] ca,wa) + qaPP(a,b+1]ca,wa),
wa(YP(a,b| ca,wa)) = pawsa(YP(a+1,b | ca,wa)) + gawa(YP(a,b+ 1| ca,wa))
+4Apaws(YP(a+1,b | ca,wa)) + 4gawz(YP(a,b+ 1| ca,wa))
+ 6paw2(YP(a+1,b| ca,wa)) + 6gawa(YP9(a,b+ 1| ca,wa))
+4pawi(YP(a+ 1,b| ca,wa)) + 4qawr (Y (a,b+ 1| ca,wa))
+paPPa+1,b| ca,wa) + qaPP(a,b+ 1| ca,wa).

Boundary Values:
wp(YP(a,b| ca,wa)) =0ifa=4and 0<b<2, ofifb=4and 0 <a < 2.

The boundary values for w, (YP9(3,3 | ca,w4)) are obtained as follows:

If the point score reaches (3,3) in a game, the first ‘deuce’, then the game continues. At least
two points must be played after deuce to complete the game. For the point played after (3,3) we
use a mixture law to obtain:

Wypa(3,3/eamwa) () = Wype((leawa) O Wyrs(a,3/c4,w4) ()
+ Wyen(()eain) ) Wyrs(3,/eqwa) (B)-
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This can be simplified to:

Wypg(3,31ca,wa)(t) = et(PAWYp9(4,3\cA,wA)(t) + aaWyps(3.4)c.a,w4) (1))
Likewise for the following point played we obtain:

WYP9(4,3|CA,wA)(t) = et(pAWYPQ(&?)‘CA,wA)(t) + QAWYPQ(4,4|CA,wA)(t))7

Wya(3.4c4,00) () = € (0AWyps(4.41c 4 04) () + QAW a(3 5/c.0.04) (1))

leading to:

WYP9(3,3\CA,wA)(t) = €2t(P?4WYP9(5,3|cA,wA)(t) + QPAQAWYP9(4,4\CA,wA)(t) + q124WYP9(3,5|cA,wA)(t))'

Now the scores (5,3) and (3,5) are boundary scores, so this relation simplifies further to:

WYP9(3,3|CA,wA)(t) = egt(pi + QPAQAWYP9(4,4|cA,wA)(t))-

There is an equivalence of the game situation at each deuce: player A continues to serve with a
constant probability of winning a point, and the game only concludes when one of the players has an
advantage of at least 2 points. This implies that there is a constant probability of the server winning
the game after each deuce. The equivalence of the game situation at each deuce also implies that
there is a common distribution in the number of points played after each deuce. We can express
this equivalence in terms of the weighted moment generating functions, as:

Wng(n,n\cA,wA)(t) = Wng(n+1,n+l|cA,wA)<t) for n > 3.

It follows that:

Wng(n,nlc,A,wA)(t) = €2t(p?4 + 2pAQAWYp9(”,”\CA7wA)(t)) for n > 3.

which simplifies to:

e2tp2A
Wng(n,n|c,4,wA)(t) = W for n > 3.
Therefore:
Pi
Ppg 3,3 CA,’LUA = —
(31 ) 2p% — 2pa + 1
2])124

YP9(3,3 | ca, = ,

4p?4 (1 — 2p% + 2pa)
(2p% — 2pa +1)3
_ 8p%(4phy — 8p% —4p% +8pa+1)
B (2p% — 2pa + 1)
16p% (1 — 2p% + 2pa) (4py — 8p% — 16p% + 20pa + 1)
(204 — 2pa +1)°

wo(YPI(3,3 | ca,wa)) =

)

w3 (YPI(3,3 | ca,wa))

I

’UJ4(ng(3,3 | CA,’LUA)) =

Tables 7.1, 7.2, 7.3 and 7.4 represent the weighted first, second, third and fourth moments
respectively of the number of points remaining in a game at various score lines given player A is
serving and wins the game for p4 = 0.6.

Similar recursion formulas with boundary values can be obtained for w,(Y?9(a,b | ca,l4)).
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Table 7.1: The weighted first moment of the number of points remaining in a game at various
score lines given player A is serving and wins the game for p4 = 0.6.

B score
0 15 30 40 game

0 4.7 3.7 24 1.0 0
15 41 36 2.7 1.5 0
Ascore 30 3.1 29 27 20 0
40 1.7 1.7 1.9 27
game 0 0 0

Table 7.2: The weighted second moment of the number of points remaining in a game at
various score lines given player A is serving and wins the game for ps = 0.6.

B score
0 15 30 40  game

0 34.6 277 185 8.1 0
15 249 225 18.1 10.3 0
A score 30 14.1 14.8 152 127 0
40 48 6.1 9.1 152
game 0 0 0

Table 7.3: The weighted third moment of the number of points remaining in a game at
various score lines given player A is serving and wins the game for ps = 0.6.

B score
0 15 30 40  game

0 309.6 254.6 173.5 75.8 0
15 1953 187.7 1575 90.9 0
A score 30 95.2 111.8 124.1 106.9 0
40 27.6 429 719 124.1
game 0 0 0

Let Mypg(q p|c4)(t) Tepresent the moment generating function of the number of points remaining
in a game at point score (a,b) for player A serving. Using the rule for combining weighted moment
generating functions with mutually exclusive conditions we obtain

Mypg(apleq)t) = Wyrs(apleawa) ) + Wyrsaplea,ia)(t)

since the probability that a game will eventually end is 1.
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Table 7.4: The weighted fourth moment of the number of points remaining in a game at
various score lines given player A is serving and wins the game for p4 = 0.6.

B score
0 15 30 40 game

0 3418.1 2883.2 1986.4 864.7 0
15 2027.1 2037.0 1746.9 1009.8 0
A score 30 941.4 1182.1 1352.1 1170.5 0
40 268.4  453.2  780.9 1352.1
game 0 0 0

Converting moments to parameters of distribution (mean, variance, coefficients of skewness and
excess kurtosis) can readily be obtained by the formulas given in Section 4.3.

Similar formulas and parameters of distribution can be obtained for when player B is serving such
that Wyps(apleswg)(t) and Wysg(qpjcp,i,)(t) Tepresent the weighted moment generating functions
of the number of points remaining in the game from score line (a,b) given player B is serving and
player B wins and loses the game respectively.

7.3 Number of points in a tiebreak game

The analysis of a tiebreak game is similar to that of a standard game except that it is necessary to
allow for the rotation of service before each odd point in the tiebreak game.

Let PPIT(a,b | s4,wy) represent the probability of player A winning a tiebreak game at point
score (a,b) given player A served first in the game.

Recurrence formulas:

paPPIT(a+ 1,b| sa,wa) + qaPPIT(a,b+ 1| s4,w4)
if (a +b) mod 4 =0 or 3,
qpPPIT(a + 1,b| sa,wa) + ppPPIT(a,b+ 1| sa,wa)
if (a4+b) mod4=1or 2.

PPIT(a,b | sa,wa) =

Boundary values:

PPT(a,b| sa,wa) =1ifa=7Tand 0<b<5 orif b=7and 0 <a <5,

pa(pe — 1)
2pAPB — PB — PA

PPIT(6,6 | s4,wa) =

Table 7.5 represents the probability of player A winning a tiebreak game at various score lines
given player A serves first in the game, for p4 = 0.62 and pp = 0.60.

Let Wypor (q,p)s.4,w4)(t) Tepresent the weighted moment generating function of the number of
points remaining in the tiebreak game from score line (a, b) given player A served first and wins the
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Table 7.5: The probability of player A winning a tiebreak game at various score lines given
player A serves first in the game, for p4 = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6

0.533 0.389 0.295 0.205 0.096 0.031 0.008
0.620 0.530 0.431 0.271 0.135 0.066 0.020
0.755 0.680 0.528 0.355 0.240 0.134 0.032
0.868 0.773 0.635 0.526 0.399 0.197 0.052
0.926 0.858 0.798 0.716 0.523 0.286 0.129
0.967 0.949 0.921 0.834 0.669 0.521 0.323
0994 0.991 0.975 0.934 0.891 0.818 0.521
1 1 1 1 1 1

A score
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game. Then

Wyer((leaswa) Wy ror (at1,5)s 4 ,w04) ()

+ WYPP(()|cA,lA)(t)WngT(a,b+1\sA,wA)(t) if (a +b) mod 4 =0 or 3,
Wy (Oles ts) Wy por (a+1,b1s4,0.4) (F)

+ WYPP(()|cB,wB)(t)WngT(a,b+1|sA,wA)(t) if (a4+b) mod 4=1or 2.

Wypar (ablsa,wa) (t) =

Let wy, (YPIT (a,b | s4,w4)) represent the weighted nth moment of the number of points remain-
ing in a tiebreak game at point score (a,b) given player A served first and wins the game.

Recurrence formulas:

For (a + b) mod 4 =0 or 3:

w1 (YPIT (a,b | sa,wa)) = pawi(YPIT (a+1,b | sa,wa)) + qgawr (YPIT(a,b+ 1| sa,wa))
+ paPP7T (a4 1,b | sa,wa) + gaPP" (a,b+ 1| sa,wa),

wa(YPIT (a,b | sa,wa)) = pawe(YPI" (a4 1,0 ] sa,wa)) + qawa(YPIT (a,b+ 1| s4,w4))
+ 2paw1 (YPIT(a + 1,b | sa,wa)) + 2qawi1 (YPIT (a, b4+ 1 | s4,wa))
+ paPP7T (a4 1,b | sa,wa) + qaPP" (a,b+ 1| sa,wa),

w3(YPIT (a,b | sa,wa)) = paws(YPIT (a4 1,0 | sa,wa)) + qaws(YPIT (a,b+ 1| s4,w4))
+ 3paw2(YPIT(a+ 1,b | sa,wa)) + 3qawa2(YPIT (a, b+ 1 | sa,wa))
+ 3paw1 (YT (a+ 1,b | sa,wa)) + 3qawi (YPIT (a, b+ 1| sa,wa))
+paAPPT(a+1,b| sa,wa) + qaPPT(a, b+ 1| sa,wa),

wa(YPIT (a,b | sa,wa)) = pawa(YPIT (a4 1,b | sa,wa)) + qawa(YPIT(a,b+ 1| sa,wa))
+4Apaws(YP9 T (a+1,b | sa,wa)) + 4qaws (Y7 (a, b+ 1| s4,wa))
+6pawa(YP9T (a4 1,b | sa,wa)) + 6gawa (YT (a, b+ 1| s4,w4))
+4paw (YPIT (a4 1,b | sa,wa)) + 4gawr (YPIT (a, b+ 1| s4,wa))
+paPPT(a+1,b | sa,wa) + qaPP(a,b+ 1| s4,w4).
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For (a+b) mod 4 =1 or 2:

w1 (YPIT(a,b | sa,wa)) = qpwi(YPIT(a+ 1,b | sa,wa)) + ppwi(YPIT(a,b+ 1| sa,wa))
+qPPT (a4 1,b | sa,wa) +pPPT(a,b+ 1| sa,wa),

wa(YPIT (a,b | s4,wa)) = qpwa(YPIT(a + 1,b | sa,wa)) + ppw2(YPIT (a, b+ 1 | s4,w4))
+2qpwi (YP9 (a4 1,b | sa,wa)) + 2ppwi (Y27 (a,b+ 1| s4,wa))
+ PP (a+1,b| sa,wa) +pp PP (a,b+ 1| sa,wa),

w3(YP7T (a,b | sa,wa)) = qpws(YP9" (a4 1,b | sa,wa)) + ppw3(YP9" (a,b+ 1| sa,w4))
+ 3qpw2(YPT(a+1,b | sa,wa)) + 3ppwa (YT (a, b+ 1| s4,w4))
+3qpw1 (YP T (a+1,b | sa,wa)) + 3ppwi (YPIT(a, b+ 1| sa,wa))
+qgpPP7"(a 4+ 1,b| sa,wa) + ppPPT(a,b+ 1| sa,wa),

wa(YPIT (a,b | sa,wa)) = qpwa(YPIT(a+ 1,b | sa,wa)) + ppws(YPIT (a,b+ 1| sa,wa))
+ 4qpws(YP T (a+ 1,b | sa,wa)) + dppws(YPIT (a, b+ 1 | s4,wa))
+ 6qpw2(YPT(a+ 1,b| sa,wa)) + 6ppwa(YPIT(a,b+ 1| s4,wa))
+4gpw1(YPT(a+ 1,b | sa,wa)) + dppwi (YPIT (a, b+ 1| s4,wA))
+qPP7"(a+1,b| sa,wa) +ppPP"(a,b+ 1| sa,wa).

Boundary values:

wp, (YPIT (a,b | sp4,wa)) =0if a=7and 0 < b < 5,
wp (YPIT (a,b | s4,wa)) =0ifb=7and 0 <a < 5.

To find the boundary values for w, (YP97(6,6 | sa,wa)) we follow the same argument as used
for deuce in the standard game, except that we must allow for the change in server after the odd
point has been played. The order of serving is unimportant as each player serves just one of the
two points. It can be shown that after playing two points that

Wypar (6.6)s 4,wa) (1) = €'DaaB + (0APB + q4aB)€* Wypor (7715 4 104) (1)-
From the equivalence of the situation at the scores (6,6) and (7,7) it follows that

€2tpA 4B
PAPB + qAqB)

Wyvor (6,6[s aw4) (1) = 1—( e’

Therefore:

w1 (YPIT(6,6 | sa,wa)) = 2pa(l — pB)/(2papB — PB — PA)?,
Wwo(YPIT (6,6 | sa4,wa)) = 4pa(pp — 1)(2papE — PB — pa +2)/(2pAPE — PB — PA)®,
w3(YP97(6,6 | sa,wa)) = 8pa(l — pp)(4phph — 4pAPE + P — 4papB + 14paps — 6p5
+p4 — 6pa+6)/(2paps — p — pa)’,
wi(YPI7(6,6 | s4,wa)) = 16pa(ps — 1)(2paps — pB — pA + 2)(4p2D% — 4PADE + DB
— 4phpp + 26paps — 12pp + pi — 12pa + 12)
/(2papB — PB — PA)°

Tables 7.6, 7.7, 7.8 and 7.9 represent the weighted first, second, third and fourth moments
respectively of the number of points remaining in a tiebreak game at various score lines given player
A is serving first and wins the game, given p4 = 0.62 and pp = 0.60.
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Table 7.6: The weighted first moment of the number of points remaining in a tiebreak game
at various score lines for player A serving first and wins the game, given ps = 0.62 and
PB = 0.60.

B score
0 1 2 3 4 5 6

6.3 45 33 22 10 03 0.1
6.5 54 42 26 13 06 0.2
6.7 58 45 30 20 1.1 03
6.2 55 45 3.6 27 14 04
5.2 49 43 38 28 16 08
39 35 32 32 27 22 1.7
20 1.7 18 21 19 16 2.2
0 0 0 0 0 0

A score
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Let Wypor (qpfsa,l A)(t) represent the weighted moment generating function of the number of
points remaining in a tiebreak game at point score (a,b) given player A served first and loses the
game.

Let Mywvor (4 p|s ) (t) represent the moment generating function of the number of points remaining
in a tiebreak game at point score (a,b) given player A served first. Since the game must end with
probability 1 it follows that:

Myvar (ap)s.4) (1) = Wypar ap)s a,wa) (E) + Wyper apsa,i4) (1)

Similar formulas can be obtained for when player B is serving such that Wyrsr (4 p|sz,wp)(t)
and Wypor (q.p)s,1 B)(t) represent the weighted moment generating functions of the number of points
remaining in the tiebreak game from score line (a,b) given player B is serving first and player B
wins and loses the game respectively.

Let Mywvor (qp|c4) (t) represent the moment generating function of the number of points remaining
in a tiebreak game at point score (a, b) for player A serving. Using the rule for combining weighted
moment generating functions with mutually exclusive conditions we obtain

Myror (aples) = Wyror (apleawa)(t) + Wypor (aplea i) (t)-

since the game will eventually end with probability 1.
It follows that:

Moo (t) _ MypgT (a,b|sA)(t) if (CL + b) mod 4 =0 or 3,
YPIT (ablca) Myvar (qp)sp)(t) if (a+b) mod 4 =1 or 2.

It further follows that:

m1(YP7(a,b | s4)) = wi (Y7 (a,b | sa)),
mo(YPIT (a,b | s4)) = 2wa(YPIT(a,b | s4)),
ms(YPIT (a,b | s4)) = 6ws(YPIT(a,b| sa)),
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Table 7.7: The weighted second moment of the number of points remaining in a tiebreak
game at various score lines for player A serving first and wins the game, given p4 = 0.62 and
PB = 0.60.

B score
0 1 2 3 4 5) 6

79.3 56.1 39.7 25.8 11.7 3.7 09
74.1 59.1 449 277 135 6.3 1.9
65.5 55.0 42.6 284 183 10.0 25
496 449 376 29.5 21.6 11.3 3.2
33.9 329 28,6 245 199 123 6.2
19.2 17.0 15.1 164 162 14.0 11.7 O
5.6 44 55 77 76 78 14.0
0 0 0 0 0 0

A score
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ma(YPIT (a,b | s4)) = 24ws(YPIT (a,b | s4)).

Similar formulas can be obtained for when player B is serving such that Wywrer (4p)sz,wp)(t)
and Wyror (q.p|s,15) () Tepresent the weighted moment generating functions of the number of points
remaining in the tiebreak game from score line (a,b) given player B is serving first and player B
wins and loses the game respectively.

Let Mywpor (q,/c,)(t) Tepresent the moment generating function of the number of points remaining
in a game at point score (a,b) for player A serving. Let Wyvar (q,p)c A)(t) represent the corresponding
weighted moment generating function.

Using the rule for combining weighting moment generating functions with mutually exclusive
conditions we obtain

Wywpar (a,b|cA)(t) = Wywror (a,b\cA,wA)(t) + Wywar (a,b|cA,lA)(t)'

However the probability that a tiebreak game will eventually end is 1, so this weighted moment
generating function is actually a moment generating function.
It follows that:

my (Y97 (a,b | ca)) = wi (Y7 (a,b | ca)),
ma(YP9" (a,b | ca)) = w2 (Y7 (a,b | ca)),
m3(YP" (a,b | ca)) = w3(Y™" (a,b | ca)),
ma(YPIT (a,b | ca)) = wa(YPIT (a,b | ca)).

Converting moments to parameters of the distribution (mean, variance, coefficients of skewness
and excess kurtosis) can readily be obtained by the formulas given in Section 4.3.

Similar formulas and parameters of the distribution can be obtained for when player B is
serving such that MYWT(a,b\cB)(t) represents the moment generating function of the number of
points remaining in the tiebreak game from score line (a,b) given player B is serving.
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Table 7.8: The weighted third moment of the number of points remaining in a tiebreak game
at various score lines for player A serving first and wins the game, given ps = 0.62 and
PB = 0.60.

B score
0 1 2 3 4 5) 6

1080.9 759.3 5254 3344 150.2 46.3 11.2
923.8 722.0 538.0 3327 162.1 74.0 21.7
718.1 593.5 466.3 315.5 202.2 109.9 26.9
462.4 4325 373.8 2939 2173 1175 32.7
269.4 276.4 2439 213.3 186.3 120.8 60.7
1249 1132 1055 128.1 143.0 130.3 111.2
249 216 324 534 592 688 130.3

0 0 0 0 0 0

A score
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7.4 Number of points in a tiebreak set

We study here the model for a tiebreak set. To account for the rotation of service in this type
of set it is necessary to allow for the rotation of server at the beginning of each game. Using this
convention, whenever a tiebreak game is required to resolve the winner of the set, this tiebreak game
is marked to the server of the first point of the game, and hence to the server of the first point of
the set when it comes to determining the first server of the next set. This rule applies irrespective
of the outcome of the tiebreak game.

For player A serving in the first game of the set there are four cases to be dealt with separately.
Consider the case where player A not only serves in the first game of the set, but wins the set, and
serves in the first game of the next set.

Let Wy st (0,0:c,d|s.4,wa,m4) (t) TEPTEsent the weighted moment generating function of the number
of points remaining in a tiebreak set at point and game score (0,0 : ¢, d) given player A served first,
wins the set and is serving first in the next set to be played. Then by considering a complete game
being played at that score we obtain, for ¢+ d < 12,

Wy (0,01c4,w.4) OWyesT (0,0:c41,dls 4,4 ,m.0) ()
+ WYP9(0,0|CA,ZA)(t)WYpST (O,O:C,d—l—l\sA,wA,nA)(t)
if (¢c+d) mod2=0
Wypst (0,0:c,d)s a,wa.m4) (£) =
(Oedizamana) Wy 29(0,0/c,15) Wy wsr (0,0:c41,d]s 2 ,04,m.4) ()
+ WYP9(0,0|CB,wB)(t)WYp5T (O,O:c,d+l|sA,wA,nA)(t)
if (c+d) mod 2 =1.

There is a special case for the tiebreak game, with (¢,d) = (6,6), where due to the rotation of
serve player A cannot serve first in the next set, so

WYpST (0,016,6|SA,’UJA,TZA) (t) = 0'

However

WYPST (0,0:6,6|s4,wA,m4) (t) = WngT (0,0]ca,wa) (t)WYpST (0,0:7,6|s4,wa,nB) (t)
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Table 7.9: The weighted fourth moment of the number of points remaining in a tiebreak
game at various score lines for player A serving first and wins the game, given p4 = 0.62 and
PB = 0.60.

B score
0 1 2 3 4 5 6

16210.0 11382.1 7768.3 4883.3 2185.1 666.8 157.6
12923.5 10007.9 7405.6 4615.8 2253.2 1018.8 295.2
9107.3  7526.1 6052.5 4169.1 2674.1 1452.0 352.8
52149  5095.9 45819 3654.2 2741.3 1506.5 417.7
2745.8 30214 2756.2 24925 2288.5 1517.2 761.1
1134.3  1101.2 1101.1 14559 1734.6 1612.2 1380.5
187.2 191.0  330.3 5984 706.1 846.7 1612.2
0 0 0 0 0 0

A score
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+ Wyrpar 0,0jca,10) ) Wyest (0,0:6,7)5 4 ,04,m.4) ()5

which simplifies to
Wy pst (0,0:6,6(s.4,wam4) (£) = Wypor (0,0/ca.wa) (1)
as expected since Wy st (0,0:7,6[s 4,wa,n5)(t) = 1 and Wypsr 0,0:6,7(s4,wa,n.4) () = 0.

Let P9°T(¢,d | sp,wa,n4) represent the probability of player A winning a tiebreak set at game
score (c,d) given player A served first and is serving first in the next set to be played. Then by
setting ¢ = 0 in the formulas above we obtain the following results.

Recurrence formulas:

PYPPT(c+1,d | sa,wa,na) + ¢4 P (c,d+ 1| sa,wa,n4)

if (¢+d) mod 2 =0,
¢LPT (c+1,d | sa,wa,na) + pHPIT(c,d+ 1| sa,wa,na)

if (¢+d) mod 2 = 1.

P97 (c,d | sa,wa,na) =

Boundary values:

P¥T(c,d| sa,wa,mna) =11if (¢,d) = (6,0), (6,2), (6,4), or (7,5),
PPT(c,d| sa,wa,ma) =0if d=6 and 0 < ¢ <4, orif (¢,d) = (5,7), (6,1), or (6,3),
PQST(6,6 | SA7U)A,nA) =0.

Table 7.10 represents the probability of player A winning a tiebreak set at various score lines
given player A served first and is serving first in the next set to be played, for py = 0.62 and
PB = 0.60.

Let wy, (YP*T(0,0: ¢,d | sa,wa,na)) represent the weighted nth moment of the number of points
remaining in a tiebreak set at point and game score (0,0 : ¢, d) given player A served first, wins the
set and is serving first in the next set to be played. By differentiating n times and setting t = 0 we
obtain the following results.

Recurrence formulas:
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Table 7.10: The probability of player A winning a tiebreak set at various score lines given
player A served first and is serving first in the next set to be played, for py = 0.62 and
PB = 0.60.

B score
0 1 2 3 4 5

0.209 0.146 0.120 0.047 0.025 0.002
0.227 0.215 0.142 0.110 0.031 0.009
0.261 0.237 0.230 0.132 0.095 0.011
0.268 0.255 0.258 0.237 0.119 0.042
0.305 0.254 0.319 0.270 0.334 0.054
0.319 0.075 0.333 0.093 0.415 0.205

1 0 1 0 1 0.264

A score
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(a)

For (¢+d) mod 2 =0:

w1 (YPT(0,0: ¢,d | sa,wa,na))
:piwl(YpsT(O,O ce+ 1,d | sa,wa,na)) + qiwl(YﬁsT(O,O ce,d+ 1| sa,wa,nn))
+ w1 (YP9(0,0 | ca,wa))P9T (c+1,d | sa,wa,na)
+ w1 (YP9(0,0 | ca,la))PPT (c,d+ 1| s4,wa,n4),
wa(YPT(0,0: ¢,d | sa,wa,na))
= phwa(YP*T(0,0 : ¢+ 1,d | sa4,wa,n4)) + ¢Qw2(YP*7(0,0 : ¢,d + 1| s4,wa,n4))
+ 2w1(YP9(0,0 | ca,wa))wi(YPT(0,0: ¢+ 1,d| s4,wa,n4))
+ 2w1(YP9(0,0 | ca,la))wi (YPT(0,0 : c,d+ 1| sa,wa,n4))
+ wo(YP9(0,0 | ca,wa))P?T(c+ 1,d | sqg,wa,n4)
+ wo(YP9(0,0 | ca,la)) PP (c,d+ 1| s4,wa,m4),
w3(YPT(0,0: ¢,d | sa,wa,na))
= plws(YP*T(0,0: ¢+ 1,d | sa,wa,n4)) + ¢Gws(YPT(0,0 : ¢,d + 1| sa,wa,m4))
+ 3w1(YP9(0,0 | ca,wa))wa(YPT(0,0: c+1,d| s4,wa,n4))
+ 3w (YP9(0,0 | ca,la))w2(YPT(0,0: ¢,d+ 1| sa,wa,n4))
+ 3wz (YP9(0,0 | ca,wa))wi (YPT(0,0 : ¢+ 1,d | sa,wa,n4)
+ 3wa(YP9(0,0 | ca,la))wi (YPT(0,0: ¢,d+ 1| sa,wa,na))
+ w3(YP9(0,0 | ca,wa))P?°T(c+ 1,d | sa,wa,na)
+ w3(YP9(0,0 | ca,la)) P9 (c,d+ 1| sa,wa,na),
wa(YPT(0,0: ¢,d | sa,wa,na))
= plwa(YP*T(0,0: ¢+ 1,d | sa,wa,n4)) + ¢Gwa(YPT (0,0 : ¢,d + 1| sa4,wa,m4))
+ 4w (YP9(0,0 | ca,wa))ws(YPT(0,0 : ¢+ 1,d | sa,wa,n4))
+ 4wy (YP9(0,0 | ca,la))ws(YPT(0,0: c,d+ 1| sa,wa,n4))

)
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+ 6w (YP9(0,0 | ca,wa))wa(YPT(0,0:c+1,d]| s4,wa,n4))
+ 6w (YP9(0,0 | ca,la))we(YPT(0,0: c,d+ 1] sa,wa,n4))
+ 4w3(YP9(0,0 | ca,wa))wi (YPT(0,0 : ¢+ 1,d | sa,wa,n4))
+ 4w3(YP9(0,0 | ca,la))wi (YPT(0,0: ¢,d+ 1| sa,wa,na))
+ wa(YP9(0,0 | ca,wa))PT (c+1,d | sa,wa,na)
+ wa (YP9(0,0 | ca,la))PP(c,d+ 1| sa,wa,na).

For (¢ +d) mod 2 = 1:

w1 (YPT(0,0: ¢,d | sa,wa,na4))
= w1 (YPT(0,0: c+1,d | sa,wa,n4)) + phwi(YPT(0,0: ¢,d+ 1| sa,wa,n4))
+ w1 (YP9(0,0 | ep,lB)) PP (c+ 1,d | sa,wa,n4)
+ w1 (YP9(0,0 | cp,wp)) PP (c,d+ 1| sa,wa,na),
wa(YPT(0,0: ¢,d | sa,wa,na))
= qRwa(YPT(0,0: c+1,d | sa,wa,n4)) + phwe(YPT(0,0: ¢,d+ 1| s4,wa,n4))
+ 2w (YP9(0,0 | e, I)wr (YPT(0,0: ¢+ 1,d | sa,wa,n4))
+ 2w (YP9(0,0 | g, wp))wi (YP*T(0,0 : ¢,d+ 1| sa,wa,n4))
+ w2 (YP9(0,0 | ¢p,IB)) PP (c+ 1,d | sa,wa,n4)
+ w2 (YP9(0,0 | cp,wp)) P (c,d+ 1| sa,wa,na),
w3(YPT(0,0: ¢,d | sa,wa,na))
= qw3(YPT(0,0: c+1,d | sa,wa,n4)) + phws(YPT(0,0: ¢,d+ 1| s4,wa,n4))
+ 3w (YP9(0,0 | ep, IB))wa(YPT(0,0: ¢+ 1,d | sa,wa,m4))
+ 3w (YP9(0,0 | cp,wp))wa(YPT (0,0 : ¢,d+ 1| sa,wa,n4))
+ 3wz (YP9(0,0 | e, Ip))wr (YPT(0,0: c+ 1,d | sa,wa,n4))
+ 3wz (YP9(0,0 | e, wp))wi (YP*T(0,0 : ¢,d+ 1| sa,wa,m4))
+ w3(YP9(0,0 | e, lB)) PP (c+ 1,d | sa,wa,m4)
+ w3(YP9(0,0 | cg,wp)) P9 (¢,d+ 1| sa,wa,na4),
wa(YPT (0,0 : ¢,d | sa,wa,n4))
= qhwa(YPT(0,0: c+1,d | sa,wa,n4)) + phws(YPT(0,0: ¢,d+ 1| sa,wa,n4))
+ 4w (YP9(0,0 | e, l))ws(YPT(0,0: ¢+ 1,d | sa,wa,n4))
+ 4wy (YP9(0,0 | e, wp))ws(YP*T (0,0 : c,d+ 1| sa,wa,m4))
+ 6wa(YP9(0,0 | e, iB))wa(YPT(0,0: c+1,d | sa,wa,n4))
+ 6wy (YP9(0,0 | e, wp))w2(YP*T (0,0 : ¢,d+ 1| sa,wa,m4))
+ 4w3(YP9(0,0 | e, 1p))wr (YPT(0,0: c+ 1,d | sa,wa,n4))
+ 4w3(YP9(0,0 | e, wp))wi (YP*T(0,0: c,d+ 1| sa,wa,m4))
+ wy (YP9
+ wy (YPI

0,0 e, 1)) PP (¢ + 1,d | 54, w4,
0,0 | e, wR))PYT(c,d+ 1| sa,wa,na).

(
(

Boundary values:

W (YP7(0,0: ¢,d | s4,wa,na)) =0
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ifc=6and0<d<4,ifd=6and 0<c<4, orif (¢,d) =(7,5) or (5,7); and
W, (YP5T(0,0: 6,6 | 54, wa,n4)) = 0.

Tables 7.11, 7.12, 7.13 and 7.14 represent the weighted first, second, third and fourth moments
respectively of the number of points remaining in a tiebreak set at various score lines given player
A is serving first, wins the game and is serving first in the next set to be played, for p4=0.62 and
pBZO.GO.

Table 7.11: The weighted first moment of the number of points remaining in a tiebreak set
at various score lines for player A serving first, wins the set and serving first in the next set
given py = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

133 89 68 25 1.2 0.1
128 11.3 7.1 50 13 0.3
11.5 10.7 94 51 32 04
96 87 87 73 32 11
5.8 6.5 6.2 66 6.0 1.1
3.1 1.3 35 1.7 47 27 00 0
0 0 0 0 0 18 O

A score

S OO OO S
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Table 7.12: The weighted second moment of the number of points remaining in a tiebreak
set at various score lines for player A serving first, wins the set and serving first in the next
set given py = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5

6
0 8799 5674 3972 136.1 584 49 O
1 7623 619.8 3674 233.7 557 136 O
2 560.4 518.0 409.3 2094 1119 124 O
Ascore 3 394.2 326.9 3242 2440 936 298 0
4 146.4 196.3 155.0 178.2 1270 225 O
5 493 2719 5396 359 741 377 0.0 O
6 0 0 0 0 0 141 0
7 0

Similar formulations can be obtained for

wp (YPT(0,0: ¢,d | sa,wa,nB)),
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Table 7.13: The weighted third moment of the number of points remaining in a tiebreak set
at various score lines for player A serving first, wins the set and serving first in the next set

given py = 0.62 and pg = 0.60.

B score
0 1 2 3 4 5 6 7
0 60739.5 37306.4 24029.3 7658.2 2979.3 2372 O
1 47603.8 35761.6 19927.0 11460.4 2503.0 561.3 O
2 29504.8 26559.5 19009.3 8977.3 4203.8 436.1 O
Ascore 3 17969.1 13666.9 13051.4 8687.7 2962.8 843.5 0
4 4792.0 6830.8 4747.3  5280.0 3071.6 4970 O
5 12425 764.0 1482.1 871.5 1429.1 5784 0.0 0
6 0 0 0 0 0 131.7 0
7 0

Table 7.14: The weighted fourth moment of the number of points remaining in a tiebreak set
at various score lines for player A serving first, wins the set and serving first in the next set

given py = 0.62 and pg = 0.60.

B score
0 1 2 3 4 ) 6
0 4348830.1 2531649.9 1501380.0 444617.0 157208.0 11688.1 0
1 3104364.0 2153880.6 1122411.8 584095.8 116913.3 23855.7 0
2 1664140.0 1434402.9 930984.2 403331.0 166587.0 15831.8 0
Ascore 3 8952254  623596.8 561190.3 329545.6 100227.7 24938.1 0
4 190829.8  268631.6 167692.3 169887.7 82637.9 11657.6 O
5 42033.6 25258.0 45019.9  23546.0 313719 9766.5 0.0
6 0 0 0 0 0 14918 0
7 0
wp(YP°T(0,0: ¢,d | sa,la,m4)),
wp(YP°T(0,0: ¢,d | sa,la,nB)),
wp (YP*7(0,0: ¢,d | sp,wp,na4)),
wp (YP*T(0,0 : ¢,d | sp,wp,nB)),
Wy (YPT(0,0: ¢,d | sp,lp,na)),
wy (YPT(0,0: ¢,d | sp,lp,nB)).

Let Wy st (q,bic,djsa,wana)(t) Tepresent the weighted moment generating function of the number
of points remaining in a tiebreak set at point and game score (a,b : ¢, d) given player A served first,
wins the set and is serving first in the next set to be played. Then by considering the current game
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being completed at that score we obtain, for ¢ + d < 12,

WYPQ(a,b\cA,wA)(t)WYpST(0,0:c+1,d\sA,wA,nA)(t)
+ Wy (a:b‘CA:lA)(t)WYpST(0’0:07d+1|5A7’LUA’nA) (t)
if (¢4 d) mod 2 =0,
Wypst (@ bie,dls awamna)(t) =
(@be,dlsawana Wng(a,b\cB,lB)(t)WYpST(O,O:c+1,d|sA,wA,nA)(t)

+ WYPQ(a,b\cB,wB)(t)WYpST (O,O:c,d+1|sA,wA,nA)(t)
if (¢c+d) mod 2 =1.

The special case for the tiebreak game, with (¢,d) = (6,6), where due to the rotation of serve
player A cannot serve first in the next set, so

Wypsr (a,0:6,6]s.4,w4.n.4) (1) = 0.

Let w, (YPT(a,b: c,d | sa,wa,n4)) represent the weighted nth moment of the number of points
remaining in a tiebreak set at point and game score (a,b : ¢,d) given player A served first and wins
the set, and player A is serving first in the next set to be played. Then

w1 (YPT (a,b: c,d | sa,wa,na))

PPI(a,b | ca,wa)wr (YPT(a,b:c+1,d | sa,wa,na))

+ PP9(a,b | ca,la)wr(YPT(a,b:c,d+ 1| sa,wa,na))

+ w1 (YP9(a,b| ca,wa))P9T(c+1,d | sa,wa,n4)

+ w1 (YP9(a,b | ca,la))P9T(c,d+ 1] sa,wa,n4)

if (¢+d) mod 2 =0 and (c¢,d) # (6,6),

PP9(a,b | cp,lp)wi(YPT(a,b:c+1,d| sa,wa,ma))

+ PP9(a,b| cp,wp)w (YPT(a,b:c,d+ 1] sa,wa,n4))

+wi(YP9(a,b| cp,lp))P%"(c+1,d | sa,wa,na)

+ w1 (YP9(a,b| cg,wp))P%T(c,d+ 1| sa,wa,n4)
\ if (¢+d) mod 2 =1,
w1 (YPT (a,b: c,d | sa,wa,ma)) =0if (¢,d) = (6,6).

However w1 (YP5T (a,b: ¢,d | sa,wa,na)) = w1(YPIT(a,b | ca,wa)) if (¢,d) = (6,6).
Similar formulations can be obtained for

wa(YPT (a,b:c,d | sa,wa,ma)),
w3(YPT (a,b: e,d | sqg,wa,na)),
wy(YPT (a,b: c,d | sq,wa,mA)).
Let Wypsr (q,b:c,djsa,wa)(t) Tepresent the weighted moment generating function of the number of

points remaining in a tiebreak set at point and game score (a,b : ¢,d) given player A served first
and wins the set. It follows that:

WYPST (a,b:c,d|sa,wa) (t) = WYPST (a,b:c,d|sa,wa,ma) (t) + WY”ST (a,b:c,d|sa,wa,nB) (t) .

Let Mywsr(q pic,djs,)(t) Tepresent the moment generating function of the number of points re-
maining in a tiebreak set at point and game score (a,b : ¢,d) given player A served first in the set.
Since the probability that the set is completed when player A serves first is 1, it follows that:

MYPST (CL,bZC,d‘SA) = WYPST (a,b:c,d‘SA,’LUA) + WYPST ((l,bZC,d|SA,lA) :
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Tables 7.15, 7.16, 7.17 and 7.18 represent the mean p(YP57(0,0 : ¢,d | 54)), variance o2(YP57(0,0 :
c,d | sa)), coefficient of skewness 7 (YP7(0,0 : ¢,d | sa)) and coefficient of excess kurtosis
Y2(YPT(0,0 : ¢,d | sa)) respectively of the number of points remaining in a tiebreak set at point
and game score (0,0 : ¢, d) given player A served first, and p4 = 0.62, pp = 0.60.

Table 7.15: The mean number of points remaining in a tiebreak set at (0,0 : ¢, d) given player
A served first, and py = 0.62, pg = 0.60.

B score
0 1 2 3 4 5) 6

65.3 58.7 51.5 375 27.8 10.3

58.9 54.3 473 39.8 246 14.6

472 481 43.8 36.0 279 10.6

38.8 356 378 339 247 15.6

229 268 241 283 25.7 119

136 9.7 147 11.2 214 203 9.6
152 11.9

A score
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Table 7.16: The variance of the number of points remaining in a tiebreak set at (0,0 : ¢, d)
given player A served first, and ps = 0.62, pg = 0.60.

B score
0 1 2 3 4 5 6

256.6 2447 238.2 220.7 1758 745

251.9 229.6 215.6 206.0 154.8 90.1

256.5 225.6 202.6 186.3 169.7 854

235.5 220.7 198.9 1773 1446 109.0

140.8 189.1 170.0 176.6 136.7 103.6

76.6 72,5 1152 117.1 1199 494 385
387 9.2

A score

DU W NN = O

7.5 Number of points in an advantage set

We study here the model for an advantage set. Most of the recurrence formulas and boundary
conditions are similar to those for a tiebreak set. However, since the advantage rule applies in an
advantage set (compared to a tiebreak game at 6 games-all in a tiebreak set), this requires obtaining
explicit expressions for the boundary values at 5 games-all.

For player A serving in the first game of the set there are four cases to be dealt with separately
due to the rotation of serve in and between sets. Consider the case where player A not only serves
in the first game of the advantage set, but wins the set, and serves in the first game of the next set.
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Table 7.17: The coefficient of skewness of the number of points remaining in a tiebreak set
at (0,0 : ¢,d) given player A served first, and ps = 0.62, pp = 0.60.

B score
0 1 2 3 4 5 6

0.54 056 0.59 095 1.23 2.54

0.55 0.57 0.63 0.70 1.44 2.15

0.79 0.57 0.57 0.70 0.86 2.38

097 093 055 046 094 1.46

1.87 121 1.28 035 0.21 1.41

255 298 197 191 —-0.04 025 1.22
—0.01 1.90

A score
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Table 7.18: The coefficient of excess kurtosis of the number of points remaining in a tiebreak
set at (0,0 : ¢,d) given player A served first, and py = 0.62, pp = 0.60.

B score
0 1 2 3 4 5 6

—-0.22 -0.17 -0.12 0.68 1.73 8.80

—-0.26 —-0.32 —-0.22 —-0.11 1.98 5.86

0.08 -0.38 —0.51 -0.23 0.09 6.27

0.48 024 -0.62 —-0.77 —-0.06 1.40

4.27 1.05 080 —0.95 —-097 0.82

958 11.18 3.54 262 —-091 -0.19 0.74
0.03 6.28

A score

O UL~ W N~ O

Let Wy ps(abic,d|s a,wa,na)(t) TDPTEsent the weighted moment generating function of the number
of points remaining in an advantage set at point and game score (a,b : ¢,d) given player A served
first, wins the set and is serving first in the next set to be played.

Then by considering the completion of the game being played at that score we obtain, for
0<c<bhand 0<d<5,

WYP-‘?(a,b\cA,wA)(t)WYPS(O,O:c+1,d|sA,wA,nA)(t)
+ Wng(a,b\cA,lA)(t)WYPS(D,O:c,d—i—l\sA,wA,nA)(t)
WYPS(a,b:c,d\sA,wA,nA)(t) = W ! (C " d) mod 2=0,
YPg(a,b\cB,lB)(t)WYP5(0,0:0+1,d|sA,wA,nA)(t)
+ WYP-‘?(a,b\cB,wB)(t)WYPS(O,O:c,d+1\sA,wA,nA)(t)
for (¢4 d) mod 2 = 1.

\

Similar equations apply when ¢ > 5 and d > 5, provided the additional restriction |¢ — d| < 2
holds, otherwise the set is completed. The boundary conditions can be readily stated as weighted



116 CHAPTER 7. DURATION OF A MATCH 3

moment generating functions, in the form

WYPS(O,O:c,d\sA,wA,nA) (t) =1

for (¢,d) = (6,0), (6,2), and (6,4), and for ¢ > 6 and ¢ — d = 2; and

Wyps(0,0:c.djs g wama) () =0

for (¢,d) = (6,1) and (6,3), and for d > 6 and d — ¢ = 2.

However in this form there is a gap at the boundary conditions at infinity. We can close this
gap if we find an explicit expression for Wyps(0,0:5,5s 4,w4,n4)(t)- It Will turn out that this is more
difficult than it seems at first glance, so we will examine several possible approaches to this problem.

The first approach is to follow the strategy which we have used more than once before, e.g. at
the point score (3, 3) in the standard game, and at the point score (6, 6) in the tiebreaker game. We
attempt to use the equivalence of the situation at the game score of (5,5) with that at the game
score of (6,6). Using the formulas above we find that

Wyps(0,0:5,50s awa.n) () = Wyps(0,0/c.4,0,) ) Wys (0,0:6,55 4,04 ,m4) ()

+ Wyws(0,01ca.1a) () Wyes (0,0:5.6)s g wa,ma) ()
Wy ss(0,0:6,5(s a,wa.n) (E) = Wyps(0,0/c5,05) )Wy rs(0,0:7,5s4,04,n.4) (E)

+ Wyps(0,0/cs,wz) ) Wyrs 0,0:6,6/5 4,04 ,m4) (1)
Wy ps(0,0:5,6(s4,0a,m4) &) = Wypa(0,0/cs.05) E)Wyps(0,0:6,6s 4,4,m4) ()

+ Wy ps(0,0lci,w5) ) Wyps (0,0:5,7s 4 ,0a,m4) ()

Using the boundary conditions

WYpS (070:775|SA WA ,TLA) (t) =

)

1
0.

Wyps (0,0:5,7|s4,wa,m4) (t)

together with the equivalence

Wyps (0,0:5,5|s4,wA,m4) (t) = WYPS(O,O:&B\SA,wA,nA) (t>7

the expression simplifies to

WYPS(O,0:5,5|SA,wA,nA)(t)
= Wyps(0,0/ca,wa) ) Wyrs(0,0/es,15) ()
+ Wy ps(0,0[ca,wa) )Wy rs(0,0lcs.ws) ) + Wyrs0,0cain) O Wyrs(0,0/cp,i5)(t)

. Wyp5(0,0:5,5|8A,wA:”A)(t)

It seems that all that remains is to write Wywps(0,0:5,5/s4,wa,n4)(t) in the form of a fraction and
we are done. However there is a practical difficulty of extracting the probability and the first four
weighted moments from this expression. When we differentiate a product of three functions of ¢
four times we finish up with eighty-one terms, some of which are equal. There is a high risk of
clerical error in manipulating this many terms unless a computer algebra package is employed. So
we abandon this approach and contemplate other ways to solve the problem, which could be readily
implemented in a spreadsheet.
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We know that the weighted moment generating function for the remaining points when the
game score is at (5,5) is the same as when the game score is at (6,6). If we guess the values of
the probability and weighed moments at (6,6) we can use backward recursion to obtain the values
at (5,5), and thus check that the guesses are correct or not. By a process of successive refinement,
starting from the probability of winning first, followed by the lower moments, we can arrive at the
correct numerical values in a particular instance. We can even check that the values at the game
score (4,4) are the same. The weakness of this approach is that we still lack a general formula for
the results obtained in this manner. To overcome this weakness we now seek to develop suitable
formulas based on successive approximation.

Let R(t) denote the weighted moment generating function for the number of points played in
two games that lead to from level scores to a repetition of level scores. Let r denote the probability
that this repetition occurs.

The order of service for these two games does not matter as each player must serve for just one
of the games. The repetition occurs when either both players win whilst serving or both players
lose whilst serving. Thus

r=pirs + ias,
where p?4 and p% are the probabilities of player A and player B winning a game respectively, with
¢ =1-p% and ¢}, =1 —p%.

Furthermore the number of points played in the first game is independent of the second, and
this enables us to multiply the weighted moment generating functions to add the number of points
played in the various cases. So

R(t) = Wyps(()[s.4.04) O Wyrs ()15 p.wp) (E) + Wypa(()[s.4.04) O Wypa ()]s p.15) ()

The probability of no repetition is 1 — r. The weighted moment generating function for the
points played with no repetition is (1 — r)e? = 1 — r. The weighted moment generating function
for the points played with exactly n repetitions is (1 — 7)R"(t), for n > 0. Let T denote the total
number of points played with repetition of level scores. Then the moment generating function of T’
is given by
R s
C1-R(t)

We can recover the nth moment by differentiating n times and setting ¢ = 0.
Perhaps more insight into the approximation can be obtained by algebraic manipulation. Let

Mrp(t) = (1—7)(1+R(t) + R*(t) + R*(t) + R*(t) + - -

r2t2 r3t3
R(t) = 74t 5+ g+

Then
Mrit)y=(1-r)/(1 =7 —rit— r2t2/2! — r3t3/3! +--0)
=1/(0=r/(A=r)t =ra/(1 =r)ta/2! = rg/(L —7)t3/3l = -+ ),
so as a first approximation, for small ¢, we obtain
Mp(t) = 14+r1/(1 —7)t.
If we multiply both the numerator and denominator by this result we obtain

(I+m/(1—nr))

M) = G (U )+ 27T r2)ta/2— (/1 — 1) + Brar/(L— 1)2)3/81— )
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This enables us to obtain a second approximation as

Mr(t) =~ (L+71/(1—r)t) A+ (ro/(1 —7) +2r2 /(1 — 7)?)t?/2))
~1+r/(1=—r)t+ (ro/(1—71)+ 27“%/(1 — 7“)2)252/2!.

Proceeding in this way we can obtain an extra moment of T' at each iteration.
An algorithm for this process is the following:

mor = 1,

mir = rimor/(1 —r),

mor = (remor + 2rimyr)/(1 —r),

mar = (r3mor + 3ramar + 3rimer) /(1 — 1),

myg = (ramor + 4rsmap + 6romor + 4rimsr) /(1 — 7).

The pattern for extending this algorithm is obvious when we recognize where the binomial coeffi-
cients appear.

Having determined the moment generating function for the points played whilst repetition is
occurring, we now have to adjust these results to allow for the points played in the two extra games
required to complete the set. If player A wins the set the probability of this player winning the two
games is p ¢% and we obtain

Wy asmnlsawa)®) = Wyps(()sa,wa) O Wypo(()sp,i5) (E) Mr(t) for n > 5

since the points played in each game are independent. Likewise if player A loses the set

Wy as(nnls g wa) () = Wypa(()1s.4,00) O Wyrs ()]s pwp) (£) M () for n > 5.

Adding these two alternatives together we find that

Myvs(nnfs ) () = Wypa (s awa) O Wyra (s pi5) () + Wyps(O1s.a,00) O Wyps (s 5,wp) (£) M ()

for n > 5.
One final approach is to notice that the total number of points played with repetition of level
scores in an advantage set can be written as a random sum

N
T=> X,
=0

where X; denotes the number of points played in two games, and N is a random variable denoting
the number of repetitions.

All the members of the sequence X1, Xo, X3, ..., X are independent and identically distributed
from a common distribution X. However Xy = 0.

Consider the case N = n, where n is fixed and let T}, = Y ; X;. Then

My, (t) = Mxo(t)Mx1(t)Mxa(t) - - - Mxy(t) (using independence)
= Mxo(t)(Mx(t))" (using identically distributed)
= (Mx(t))" (since Mxo(t) =1).
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To calculate the moment generating function for 7" we now take expectations over the random
variable IV, so

Mr(t) = En[(Mx (t))"]
= E'N[eNlOg(MX(t))]
— EN[eNKX(w]
= My (KX(t))-

My (t) is the moment generating function of N and Kx (t) = loge(Mx ) is the cumulant gener-
ating function of X. This compact formula captures the notion that the shape of the distribution of
points played, T, is controlled by the distribution number of repetitions, /N, using the appropriate
building blocks to describe the distribution of points played per repetition, X. The fact that cumu-

lants play a very useful part when working with random sums was discovered by Thiele (1903). If
we take logarithms once more we obtain

Kp(t) = Kn(Kx(t)).

This iterative formula would allow us to obtain results for random sums of random sums if the need
arose.

Differentiating with respect to ¢t and putting ¢ = 0 we obtain

kir = kinkix,
kor = kankiy 4 kinkax,
kar = kank3y + 3kankaxkix + kinksx,

kar = kankix + 6ksnkox kS y + dkonksxkix + 3kankix + kinkax.
Since the distribution of N is geometric,

Prob(N =n)=(1—r)r" forn > 0,0 <r < 1,
My(t) = (1 =7)/(1 —re"),
Kn(t) =loge(1 — 1) —loge(1 — Tet),

from which we can find

kin=r/(1—7),

kon = /(1 —1)2,

Ko = r(1+7)/(1 = )%,

kan = r(1+4r +12) /(1 —r)

The moment generating function of X can be recovered from our earlier discussion as
Mx(t) = R(t)/r.

The moments of X can be transformed into cumulants using some standard formulas. This
enables us to compute the cumulants of 7. Some further standard formulas lead us back to the
moments of T', if these are required.

Similar recurrence formulas and boundary conditions can be obtained for an advantage set.
However, since the advantage rule applies in an advantage set (compared to a tiebreak game at 6
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games-all in a tiebreak set), this requires obtaining an explicit expression for the moment generating
function My»s(0,0:5,5 | sa,wa). This is derived as follows.

From Section 6.5 the moment generating function for the total number of games played in an
advantage set from (5,5) with player A serving is given by

(Pag + dhpp)e’™
1 — (%% + ¢’ a%)e

MXff(5,5) (t) =

Therefore the moment generating function for the number of games remaining in an advantage set
from (5,5) with player A serving is given by

2
Mygegs o (t) = —PA%E + PRI
FOIT T (ph + dhah)e”

Let Y99(() | sa,wa) denote the number of games remaining in a game conditional on player A
serving and winning. Obviously this does not depend on the game score in a set, and the number
of games is exactly 1, so the moment generating function is ef. Then

Wyao(()fs.awa) () = PP(0) | s4, wA) Myos(()js,0a)(t) = D€'

is its weighted moment generating function. A similar expression is easy to establish for player A
serving in a game and losing such that

Wyaa(()fsata)(t) = PY(0) | s4,14) Mysa(()]s,00) () = e

We can rewrite the formula for the moment generating function for the number of remaining games
in a set as

Mygors o1 (8) = Wyss (Olsaswa) Wy 99 (01sp,15) (1) + Wyas()1s,00) O Wyas (s pwz) ()
A 63) 1= (Wyos()]s.a,wa) OWyas (0 p,wp) (8) + Wyos (015 a,04) OO Wyos(()]s,1) (F))

Let YP9(0,0 | sa,w4) be the number points played in a game, conditional on A serving and
winning. Let YP$(0,0: ¢,d | s4,w4) be the remaining number points played in a set when the point
and game score is (0,0 : ¢,d), conditional on A serving first and winning the set. Since the number
of remaining points in a set consists of points played in the remaining games of a set, it follows
that we can write down the formula for moment generating function of the remaining points in a
set using the same structure as for games in a set as

MYPS(0,0:5,5|SA)(t)
_ Wyre00jsawa) OWyra0,0(s5.15) () + Wyps 0.0(s.4.24) O Wyra(0,0fs5.01) ()
L — (Wyp9(0,01s 4,04) O Wyp(0,0[s5,05) ) + Wypa0,01.4,00) ) Wyrs(0,0[s5,05) ()

It follows that

Myps(0,0:5,5)5 4,0.4) (1)
_ Wy s9(0,005.4,04) ) Wyps (0,0]s5,15) ()
L — (Wypg (0,015 4,04) O Wyps (0,0[s5,w5) () T Wyps0,01s.4,04) ) Wyrs(0,0/s5,15) ()

)

MYPS(O,O:5,5|SA,wB)(t)
_ WYPQ(O,O|SA,IA)(t)WYP9(0,0|sB,wB)(t)
L — (Wy 90,015 4,04) O Wyp(0,0[s5,05) () + Wypa(0,01s.4,00) ) Wyrs(0,0[s5,05) ()
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7.6 Number of points in a match

We study here the model for the best-of-5 final set advantage match. Similar calculations can be

obtained for the best-of-5 all tiebreak set match. Because we have to take into account both the

winner of the current set and the server at the start of the next set, the recurrence formulas have

to allow for four-way branching rather than the two-way branching that we have previously met.
For player A winning the match and currently serving,

WYW"S (0,0:0,0:e,f|ca,wa) (t) = WY”ST (0,0:0,0|s4,wA,m4) (t)WYpm5 (0,0:0,0:e+1, flca,wa) (t)
+ Wypst (0,0:0,0154,4,m.4) ) Wypms 0,0:0,0:¢, f+1]ca,wa) ()
+ Wy pst (0,0:0,05 4 ,0.4,m5) () Wypms (0,0:0,0:41, fles wa) (F)

+ WYPST (0,0:0,0|s4,l4,mB) (t)WYPm5 (0,0:0,0:e,f+1lcp,wa) (t),

it0<e+ f <4, and
Wyrpms (0,0:0,0:2,2ca,wa) (£) = Wyps (0,0:0,005 4,0.4) (1)

Let P*™5(e, f | ca,wa) represent the probability of player A winning a best-of-5 final set ad-
vantage match at set score (e, f) given player A wins the match and is currently serving.
Recurrence formula:

P (e, f | ca,wa) = P9°T(0,0 | sa,wa,na)P™ (e + 1, f | ca,wa)
+ P97(0,0 | sa,la,na)P*™5 (e, f+ 1| ca,wa)
+ P9°7(0,0 | sa,wa,ng)P™ (e+1,f | cp,wa)
+ P9°7(0,0 | sa,la,np)P ™ (e, f+ 1| cp,wa).

Boundary values:

P (e, f | ca,wa) =11if (e, f) = (3,0) or (3,1),
P (e, f | ca,wa) =0if (e, f) = (0,3) or (1,3),
P (2,2 ’ cA,Wq) = Pgs<0,0 ‘ sA,wA).

Table 7.19 represents the probability of player A winning a best-of-5 final set advantage match
at various score lines given player A wins the match and is currently serving, where p4 = 0.62 and

PB = 0.60.
Let w,(Y?P™5(0,0 : 0,0 : e, f | ca,wa)) represent the weighted nth moment of the number of

points remaining in a best-of-5 final set advantage match at point, game and set score (0,0 : 0,0 :
e, ) given player A wins the match and is currently serving.
Recurrence formulas:

w1 (YP™5(0,0:0,0: e, f | ca,wa))

= P9°7(0,0 | sa,wa,na)wi(YP™5(0,0:0,0: e+ 1,f | ca,wa))
+ PP7(0,0 | sa,la,na)wi(YP"5(0,0:0,0:e,f+1]|ca,wa))
+ P9°7(0,0 | sa,wa,np)wi(YP™(0,0:0,0: e+ 1, f | cp,wa))
+ P9°7(0,0 | sa,la,np)wi(YP"5(0,0:0,0:¢e,f+1]|cp,wa))
+ w1 (YPT(0,0: 0,0 | sqg,wa,nq))P™(e+1,f|ca,wa)
+ w1 (YPT(0,0:0,0 | s4,la,m4))P ™ (e, f+ 1] ca,wa)
+ w1 (YPT(0,0:0,0 | sa,wa,np))P"™(e+ 1, f | cp,wa)
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Table 7.19: The probability of player A winning a best-of-5 final set advantage match at
set score various score lines given player A wins the match and is currently serving, where
pa = 0.62 and pg = 0.60.

B score
0 1 2 3

0.627 0.422 0.184 0
0.783 0.603 0.325 0
0.920 0.815 0.572

1 1

A score

W N = O

+ w1 (YP*7(0,0: 0,0 | s4,la,np))P™ (e, f + 1] cp,wa),
wa(YP™5(0,0:0,0: e, f | ca,wa))
= P9°7(0,0 | s4,wa,na)wa2(YP™5(0,0:0,0: e+ 1, f | ca,wa))
+ P9°7(0,0 | sa,la,n4)wa(YP"5(0,0:0,0: e, f+1]|ca,wa))
+ P9°7(0,0 | sa,wa,npg)we(YP"(0,0:0,0: e+ 1, f | cp,wa))
+ P9°7(0,0 | sa,la,np)w2(YP™(0,0:0,0:e,f+1]|cp,wa))
+ 2w (YPT(0,0: 0,0 | sa,wa,na))wi(YP™5(0,0:0,0:e+1,f|ca,wa))
+ 2w (YPT(0,0: 0,0 | s4,la,m4))wi1(YP™(0,0:0,0:€,f+1|ca,wa))
+ 2w (YP*T(0,0: 0,0 | s4,wa,np))wi (YP™5(0,0:0,0: e+ 1, f | cp,wa))
+ 2w (YP°7(0,0: 0,0 | s4,la,np))wi(YP"5(0,0:0,0:e,f+1|cp,wa))
+ wa(YP°T(0,0: 0,0 | sa,wa,na))P™ (e+1,f | ca,wa)
+ wo(YPT(0,0: 0,0 | s4,la,m4))P° ™ (e, f+ 1] ca,wa)
+ wa(YP°T(0,0:0,0 | sa,wa,np)) P (e+1, f | cB,wa)
+ w2 (YP7(0,0 VP (e, f +1|cp,wa),
w3(YP™5(0,0:0,0: ¢, f|ca,wa))
= P9°7(0,0 | s4,wa,n4)w3(YP™5(0,0:0,0: e+ 1, f | ca,wa))
+ PP7(0,0 | sa,la,n4)w3(YP™5(0,0:0,0:e,f+1]|ca,wa))
+ P9°7(0,0 | sa,wa,np)ws(YP™(0,0:0,0: e+ 1, f | cp,wa))
+ P%7(0,0 | sa,la,np)ws(YP"(0,0:0,0:e,f+1]cp,wa))
+ 3w (YP7(0,0: 0,0 | s4,wa,n4))w2(YP"™(0,0:0,0:e+1,f|ca,wa))
+ 3w (YPT(0,0: 0,0 | s4,04,n4))w2(YP"(0,0:0,0:€,f+1]ca,wa))
+ 3w (YP7(0,0: 0,0 | sa,wa,np))w2(YP"(0,0:0,0: e+ 1, f | cp,wa))
+ 3w (YP°T(0,0: 0,0 | s4,la,np))wa(YP"5(0,0:0,0:e,f+1|cp,wa))
+ 3w (YPT(0,0: 0,0 | s4,wa,n4))ws(YP™(0,0:0,0:e+1,f | ca,wa))
( ) )
( ) )
( ) )

:0,0] s4,la,nB)

+ 3w (YPT(0,0: 0,0 | s4,la,m4))ws(YP™(0,0:0,0:e,f+1]|ca,wa)
+ 3w (YPT(0,0: 0,0 | s4,wa,np))ws(YP™5(0,0:0,0: e+ 1, f | cp,wa))
+ 3w (YPT(0,0: 0,0 | sa4,la,np))ws(YP™(0,0:0,0:e,f+1]|cp,wa)
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+w3(YPT(0,0:0,0 | s4,wa,n4))P ™ (e+1,f | ca,wa)
+w3(YPT(0,0:0,0 | sa4,l4,n4))P ™ (e, f + 1] ca,wa)

+ w3 (YP*T(0,0: 0,0 | sa,wa,np))P"™(e+ 1, f | cp,wa)
+ w3 (YP*T(0,0: 0,0 | sa,la,np))P™ (e, f+1|cp,wa),

wa(YP™5(0,0:0,0: e, f | ca,wa))
= P%7(0,0 | sg,wa,na)wa(YP"(0,0:0,0:e+4+1,f|ca,wa))
+ P97(0,0 | sa,0l4,n4)wa(YP™(0,0:0,0:¢e,f+1]ca,wa))
+ P97(0,0 | sa,wa,ng)ws(YP™5(0,0:0,0: e+ 1, f | cp,wa))
+ P%7(0,0 | sa,la,np)ws(YP™(0,0:0,0:€,f+1]cp,wa))
+ 4w (YP°7(0,0: 0,0 | s4,wa,n4))ws3(YP™5(0,0:0,0:e+1,f|ca,wa))
+ 4w (YP°7(0,0: 0,0 | s4,la,n4))ws(YP™(0,0:0,0:€, f+1]|ca,wa))
+wi (YP7(0,0: 0,0 | s4,wa,np))ws(YP™5(0,0:0,0: e+ 1, f | cp,wa))
+ 4wy (YP7(0,0: 0,0 | s4,la,np))ws(YP"5(0,0:0,0:e,f+1|cp,wa))
10,0 | sa,wa,na))wa(YP™5(0,0:0,0:e+1,f|ca,wa))
) )
) )
) )

4 6ws (YP57 (0,0

+ 6wa(YPT(0,0:0,0 | sa,la,n4))w2(YP™(0,0:0,0: €, f+1]ca,wa)
+ 6wa(YP°T(0,0:0,0 | s4,la,n4))w2(YP™(0,0:0,0: ¢, f+1]|ca,wa)
+ 6w (YPT(0,0: 0,0 | sq,wa,np))w(YP™5(0,0:0,0: e+ 1, f | cp,wa))

+ wo (YP*T(0,0: 0,0 | s4,la,np))wa(YP™(0,0:0,0: ¢, f+1|cp,wa))
+ 4ws(YP°T(0,0: 0,0 | s4,wa,n4))wi(YP™5(0,0:0,0:e+1,f|ca,wa))
+ 4ws(YP°7(0,0:0,0 | s4,la,n4))wi(YP™(0,0:0,0:€, f+1]|ca,wa))
+w3(YP°7(0,0:0,0 | s4,wa,np))wi (YP"5(0,0:0,0:e+1, f | cp,wa))
+ 4ws(YP°7(0,0: 0,0 | s4,la,nB))w1(YP"5(0,0:0,0:e,f+1|cp,wa))
+ wa(YP°T(0,0:0,0 | s4,wa,n4))P™ (e+1,f | ca,wa)

+ wa(YPT(0,0:0,0 | sa,la,n4))P ™ (e, f+ 1] ca,wa)

+ wa(YPT(0,0: 0,0 | sa,wa,np)) P (e+ 1, f | cp,wa)

+ wg(YPT(0,0: 0,0 | s4,la,nB))P™ (e, f+1|cp,wa).

Boundary values:

wy(YP™5(0,0:0,0: e, f | ca,wa)) =0if (e, f) = (3,0), (3,1), (0,3), or (1,3)
wp(YP™5(0,0:0,0:2,2 | ca,wa)) = wnp(YP?(0,0:0,0 | s4,w4))

Tables 7.20, 7.21, 7.22 and 7.23 represent the weighted first, second, third and fourth moments
respectively of the number of points remaining in a best-of-5 final set advantage match at various
score lines given player A wins the match and is currently serving.

Let Wypms (g bec e, fleawa)(t) T€Present the weighted moment generating function of the number
of points remaining in a best-of-5 final set advantage match at point, game and set score (a,b : ¢, d :
e, ) given player A wins the match and is currently serving. Then

Wypms (a,b:c,d:e,flca,wa) (t) = Wywpsr (a,b:c,d|sa,wa,na) (t)WYpm5 (0,0:0,0:e+1, flca,wa) (t)
+ WYPST (a,biC,d|SA,lA7TLA) (t)WYPm5 (070:070:69f+1|CAawA) (t)

+ WY”“’T (a,b:c,d|sa,wa,np) (t) WYpm5 (0,0:0,0:e+1, flcp,wa) (t)
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Table 7.20: The weighted first moment of the number of points remaining in a best-of-5 final
set advantage match at various score lines given player A wins the match and is currently
serving, where py = 0.62 and pg = 0.60.

B score
0 1 2 3

0 1655 98.7 36.5 0
Ascore 1 1444 976 432 0

2 90.1 69.8 389

3 0 0

Table 7.21: The weighted second moment of the number of points remaining in a best-of-5
final set advantage match at various score lines given player A wins the match and is currently
serving, where py = 0.62 and pg = 0.60.

B score
0 1 2 3

46250.8 24051.7 74443 O
29527.5 170289 6039.5 0
11336.6  7246.4 3031.5

0 0

A score

W N = O

+ WYPST (a,bic,d|sala,np) (t)WYpmS (0,0:0,0:e,f+1|cB,wa) (t)

if0<e+ f<4and (c+d) mod2=0,

WYPm5 (a,bic,d:e, flca,wa) (t) = WYPST (abic,d|sp,lpma) (t)WYPm5 (0,0:0,0:e+1, flca,wa) (t)
+ WYpsT (a,b:c,d|sp,wp,ma) (t) WYpm5 (0,0:0,0:e,f+1|ca,wa) (t)
+ WYPST (a,b:c,d|sp,lp,nB) (t)WYpm5 (0,0:0,0:e+1,flcg,wa) (t)

+ Wyrpsr (abicdls pwpng) (OWyrms 0,000, f+1]ep,wa) (T)

if0<e+ f<4and (c+d) mod2=1,

Wypms (a,b:c,d:e, flca,wa) (t) = Wyws (a,bic,d|sa,wa,ma) (t)WYpm5 (0,0:0,0:e+1,flca,wa) (t)
+ WYPS (abic,d|sala,mna) (t)WYpm5 (0,0:0,0:e, f+1|ca,wa) (t)
+ WYPS(a,b:c,d|sA,wA,nB) (t)WYpmS (0,0:0,0:e+1, flcp,wa) (t)

+ WYPS(a,b:c,d|sA,lA,nB) (t)WYPmE’) (0,0:0,0:e,f+1|cp,wa) (t)

if (e, f) = (2,2) and (¢ + d) mod 2 =0, and

Wy pms (a,bic,d:e, flca,wa) (t) = WYPS(a,b:c,d|sB JIemna) (t)WYpm5 (0,0:0,0:e+1,flca,wa) (t)
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Table 7.22: The weighted third moment of the number of points remaining in a best-of-5 final
set advantage match at various score lines given player A wins the match and is currently
serving, where py = 0.62 and pg = 0.60.

B score
0 1 2 3

0 13605392.5 6107473.5 1566640.3 0
Ascore 1 6611541.6 3197334.7 895555.3 0

2 1753389.2  899559.1 2814444

3 0 0

Table 7.23: The weighted fourth moment of the number of points remaining in a best-of-5
final set advantage match at various score lines given player A wins the match and is currently
serving, where py = 0.62 and pg = 0.60.

B score
0 1 2 3

0 4191414520.7 1613213525.1 341426656.8 0
A score 1 1599056057.3 642798820.0 142067031.6 O

2 315190870.1  129735828.6  31904969.8

3 0 0

+ WYP5 (a,b:c,d|sB,wB,nA)(t)WYpm5 (0,0:0,0:e, f+1]ca,wa) (t)
+ WYPS (a,bic,d|sp,lp,nB) (t)WYPmS (0,0:0,0:e+1, fleg,wa) (t)
+ WYPS(a,b:c,d|sB,wB,nB)(t)WYW% (O,O:O,O:e,f+1|cB,wA)(t)
if (e, f) = (2,2) and (¢ + d) mod 2 = 1.
Similar calculations can be obtained for w,(Y?"5(0,0:0,0: e, f | cp,wa)), w,(YP™5(0,0:0,0:
e, f|ca,wp)) and w,(YP™(0,0:0,0: €, f | cp,wn)).
Let w,(YP™(a,b : ¢,d : e, f | ca,wa)) represent the weighted nth moment of the number of
points remaining in a best-of-5 final set advantage match at point, game and set score (a,b : ¢,d :

e, ) given player A wins the match and is currently serving.
The formulations for

(YP"5(a,b:c,d:e, f|ca,wa)),

(YP™5(a,b:c,d:e, f|ca,wa)),
wg(ypms (aab re,die f | CA7wA))7

(YpmS ((l,b : Cad L€, f | CA,UJA)),
can be obtained in the usual manner.

Let Wypms (4 pic dee, flea) () Tepresent the weighted moment generating function of the number of
points remaining in a best-of-5 final set advantage match at point, game and set score (a,b : ¢,d :
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e, ) given player A is currently serving. It follows that:

WYpm5 (a,b:c,d:e, flca) (t) = WYW”5 (ab:c,de, flca,wa) (t) + WYT”"S (a,bic,d:e, flca,wp) (t) .

Let Mypms (g pc.dee, flca) (t) TeDPresent the moment generating function of the number of points
remaining in a best-of-5 final set advantage match at point, game and set score (a,b : ¢,d : e, f)
given player A is currently serving. The set must end with probability 1. It follows that:

My pms (a,bic,d:e,flca) (t) = Wywpms (a,b:c,d:e, flca) (t) .

Tables 7.24, 7.25, 7.26 and 7.27 represent the mean u(Y?™5(0,0 : 0,0 : e, f | ca)), variance
o?(YP™5(0,0:0,0: e, f | ca)), coefficient of skewness v1(YP™5(0,0: 0,0 : e, f | ca)) and coefficient
of excess kurtosis y2(Y?"5(0,0: 0,0 : e, f | ca)) respectively of the number of points remaining in
a best-of-5 final set advantage match at point, game and set score (0,0 : 0,0 : e, f) given player A
is currently serving, and pa4 = 0.62, pp = 0.60.

Table 7.24: The mean number of points remaining in a best-of-5 final set advantage match
at (0,0:0,0: e, f) given player A is currently serving, and ps = 0.62, pg = 0.60.

B score
0 1 2

0 2694 213.0 124.9
Ascore 1 197.1 164.8 104.8
2 106.5 953 694

Table 7.25: The variance of the number of points remaining in a best-of-5 final set advantage
match at (0,0:0,0: e, f) given player A is currently serving, and ps = 0.62, pp = 0.60.

B score
0 1 2

0 4030.7 3405.5 3794.0
Ascore 1 3957.2 2053.0 1704.9
2 3436.5 18534 672.2

A technique is developed to obtain approximate results for the distribution of the number of
points remaining in a match using the parameters of distribution of the number of points remaining
in a match (calculated above) as follows.

It has been demonstrated throughout Chapter 7 that the total number of points played in
a tennis match has a discrete distribution. The moments of this distribution can be calculated
using a lattice model with the Markov property and a few other modest assumptions. The normal
distribution has been widely studied, and tables of the probabilities for this distribution are readily
available. The basic idea of the Normal Power approximation is to use these tables to estimate
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Table 7.26: The coefficient of skewness of the number of points remaining in a best-of-5 final
set advantage match at (0,0 : 0,0 : e, f) given player A is currently serving, and p4 = 0.62,
PB = 0.60.

B score
0 1 2

0 0.25 0.21 0.55
Ascore 1 0.34 0.65 0.68
2 096 0.83 2.20

Table 7.27: The coefficient of excess kurtosis of the number of points remaining in a best-
of-5 final set advantage match at (0,0 : 0,0 : e, f) given player A is currently serving, and
pa = 0.62, pg = 0.60.

B score
0 1 2

0 —-0.34 -0.22 —-0.55
Ascore 1 —0.44 043 0.69
2 0.15 0.54 7.65

the tail probabilities of other distributions. This method uses the first four moments and produces
a continuous approximation to the cumulative distribution. The approximation to the frequency
distribution can be recovered using differences.
Let X be a random variable with a cumulative distribution F(z), so that P(X > z) = F(z).
Let u, 0, v1, v2 be the mean, standard deviation, skewness and excess kurtosis of X. Let Z be a
standardized random variable with mean 0 and standard deviation 1, with P(Z > z) = P(X > x).
Denote the cumulative Normal distribution by ¢(.). Then the Normal Power approximation can
be written as F(z) = ¢(y), with z = (x — u)/o and

y=z— éfyl(z2 -1)— iyg(zg —32)+ %7?(4733 —7z). (7.6.1)

It is well known that the distribution of a random variable is not uniquely determined by

its moments. In order for this approximation to be successful, the target distribution must be
similar in some sense to the Normal distribution. The Normal distribution is continuous, whilst
the distribution of points played in a match is discrete. So the best we can hope to achieve is
a good approximation as an exact fit cannot be achieved with the Normal Power approximation.
Table 7.28 represents the chances of a best-of-5 all tiebreak set match going beyond a specified
number of points from the outset for player A serving for p4 = 0.62, pg = 0.60 by comparing
results from the Normal distribution (2nd column) and Normal Power approximation (3rd column)
to simulated results (4th column). The results from Table 7.28 indicate that the NP approximation
is more ‘accurate’ than the Normal distribution when compared to the simulated results. Figure 7.2
gives a graphical representation of the chances of a best-of-5 all tiebreak set match going beyond a
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Table 7.28: The chances of a best-of-5 all tiebreak set match going beyond a specified number
of points from the outset for player A serving for p4 = 0.62 and pg = 0.60 by comparing
results from the Normal distribution and Normal Power approximation to simulated results.

Points Normal distribution NP approximation Simulation

20 100.0% 100.0% 100.0%
100 99.7% 99.9% 100.0%
150 97.4% 97.8% 97.8%
200 86.8% 85.6% 83.3%
250 61.5% 60.1% 60.2%
300 29.8% 31.0% 33.7%
350 8.8% 9.8% 11.0%
400 1.5% 1.3% 1.2%
450 0.1% 0.0% 0.0%
200 0.0% 0.0% 0.0%

specified number of points from the outset for player A serving for p4 = 0.62, pp = 0.60 using the
Normal Power approximation.
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Figure 7.2: The chances of a best-of-5 all tiebreak set match going beyond a specified number
of points from the outset for player A serving for p4 = 0.62, pg = 0.60 using the Normal
Power approximation.

However, despite the improvement in the Normal Power approximation over the Normal distri-
bution, the NP approximation has several weaknesses that are of some concern:

Firstly, the NP approximation preserves the unimodal property of the Normal distribution and
so fails to replicate the multimodal property of the distribution of points played. This issue can be
addressed by breaking the ending of the match into three disjoint parts; matches ending in 3 sets,
matches ending in 4 sets, and matches ending in 5 sets.

Secondly, the NP approximation is based on an asymptotic expansion. It can become numeri-
cally unstable in some circumstances, such as when ~; is close to zero and -y, is positive. This issue
can be addressed by partitioning the ending of the fifth set into 2 disjoint parts; endings before
5-all, and endings after 5-all.
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Table 7.29: The chances of a best-of-5 final advantage set match going beyond a specified
number of points from the outset for player A serving by comparing results from the Normal
Power approximation to simulated results.

pa = 0.62 pa = 0.62 pa=0.72 pa=0.72

Points NP approximation Simulation NP approximation Simulation
20 100.0% 100.0% 100.0% 100.0%
100 99.9% 100.0% 100.0% 100.0%
150 97.8% 97.8% 98.9% 98.2%
200 85.7% 82.0% 88.2% 84.3%
250 59.9% 57.1% 61.3% 62.2%
300 31.2% 29.8% 33.1% 35.3%
350 11.1% 10.2% 15.2% 17.2%
400 2.3% 2.6% 6.5% 8.2%
450 0.2% 0.5% 2.6% 3.8%
500 0.0% 0.1% 1.0% 1.3%
550 0.0% 0.0% 0.3% 0.7%
600 0.0% 0.0% 0.1% 0.1%
650 0.0% 0.0% 0.0% 0.1%
700 0.0% 0.0% 0.0% 0.0%

Thirdly, a best-of-5 final set advantage match has the added complexity that was not present in
an all tiebreak set match in that the NP approximation produces a distribution with Normal tails,
and fails to fit a distribution with exponential tails. Thus, is inappropriate to use in conjunction
with the statistics for a tennis match where an advantage set might be played. The ‘long’ tail of
the distribution of the points in an advantage set arises when two good servers are opposed to each
other. There was a spectacular illustration of this effect at Wimbledon in 2010, when the match
between John Isner and Nicholas Mahut lasted for 3 days. The fifth set ended with a game score
of 70-68. For example, Table 7.29 gives the chances of a best-of-5 final advantage set match going
beyond a specified number of points from the outset for player A serving by comparing results from
the Normal Power approximation to simulated results. The results from Table 7.29 indicate that
the NP approximation gives ‘reasonable’ results when compared to simulated results for ‘lower’
probabilities such as p4 = 0.62, pp = 0.60 but underestimates the ‘tail’ for ‘higher’ probabilities
such as py = 0.72, pp = 0.70.

Further information for the interested reader on steps towards improving the Normal Power
approximation based on the three weaknesses described above can be found in Brown (2012).
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7.7 Amount of time in a match

As documented in the ITF 2012 Rules of Tennis' “Between points, a mazimum of twenty (20)
seconds is allowed. When the players change ends at the end of a game, a maximum of ninety (90)
seconds are allowed. However, after the first game of each set and during a tie-break game, play
shall be continuous and the players shall change ends without a rest. At the end of each set there
shall be a set break of a maximum of one hundred and twenty (120) seconds”.

To simplify the analysis we will work with a constant rest time such that:

Average Rest Time = Total Rest Time / Number of Points Played.

Note that this includes the time between points within a game as well as the time between change
of ends at the completion of a game.

To simplify the analysis even further we will assume that the time to play a point is constant
for either player serving such that:

Average Time of Point = Average Time of Point (during play) + Average Rest Time.

Note that this is equivalent to:

Average Time of Point = Time Duration of Match / Number of Points Played.

More formally, let X' (a,b) be a constant random variable of the time to play a point at point
score (a,b). It follows that:

o*(X"(a,b)) =0,
71(X(a,b) = 0.
Y2(X®(a,b)) = 0.

Let Y5 (a,b:c,d: e, f | ca) be a random variable of the amount of time remaining in a best-
of-5 final set advantage match at point score (a,b: ¢,d : e, f) given player A is currently serving. It
follows that:

p(¥Y ™ (abicdze, fea)) = u(XP(a,0)p(YP (a, b e, d e, f | ca)),
2(Y"™5(a,b:c,d e, f|ca)) = m(XP(a,b))20*(YP™ (a,b:c,d e, f | ca)),
(Y™ (a,b:c,d:e, flca))=7(YP™(a,b:c,d:e, f]|ca)),

Yo (Y™ (a,b:c,d:e, f|ca)) =1 (Y™ (a,b:c,d:e, f]|ca)).

Note that the standard results of p(aX) = au(X) and 0?(aX) = a?0%(X), for a = constant
were used in obtaining the above.

Example: It is commonly known that grass is a fast surface with players winning a relatively
high percentage of points on serve (and the time to play a point being relatively low in comparison
to clay court surfaces). We will proceed to obtain the parameters of distribution for the amount of
time remaining in a best-of-5 set final set advantage match from the outset for a) grass court match
as typically occurs at Wimbledon and b) clay court match as typically occurs at the French Open.

a) pa = 0.72, pg = 0.70, u(X*(a,b)) = 38 secs

b) pa = 0.62, pp = 0.60, u(X(a,b)) = 47 secs
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These parameters of distribution are given in Table 7.30. Note that the mean amount of time for
a clay court match is 33.1 minutes longer on average than for a grass court match. This is somewhat
expected due to the increased amount of time to play a point. However the coefficients of skewness
and excess kurtosis are greater on grass due to the increased serving dominance which leads to a
greater chance of a longer advantage deciding set. Interestingly, the standard deviation is greater
on clay, and therefore demonstrates why the standard deviation can be insufficient information for
measuring risk.

Table 7.30: The parameters of distribution for the amount of time remaining in a best-of-5
final set advantage match from the outset for a) grass and b) clay.

Mean (min) S. Deviation Variance Variation Skewness Kurtosis

a) Grass 177.9 49.1 2411.7 0.28 1.07 2.55
b) Clay 211.0 49.7 2473.3 0.24 0.25 —0.34
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Chapter 8

Predictions

8.1 Introduction

By assigning two parameters, the constant probabilities of player A and player B winning a point
on serve; the probability of winning and match duration can be determined using the methods
outlined in Chapters 1-7. Estimating these two parameters when two elite players meet on a
particular surface is now obtained in chapter 8, and an updating rule is derived for the match in
progress. The method is demonstrated by focusing on the ‘long’ men’s singles match between John
Isner and Nicholas Mahut at the 2010 Wimbledon Championships. The appeal of how predictions
in sports multimedia can be used is also presented in Chapter 8.

8.2 Data Analysis

OnCourt! is a software package for all tennis fans, containing match results for men’s and women’s
tennis, along with statistical information about players, tournaments or histories of the head-to-head
matches between two players. Match statistics can be obtained for the majority of Association of
Tennis Professionals (ATP) and Women’s Tennis Association (WTA) matches going back to 2003.
The ATP is the governing body of men’s professional tennis for the allocation of player rating points
in matches to determine overall rankings and seedings for tournaments. The WTA is used similarly
in women’s professional tennis.

Table 8.1 gives the match statistics broadcast from the Isner vs Mahut match at the 2010
Wimbledon Championships where John Isner defeated Nicholas Mahut 70-68 in the advantage fifth
set; with a total match time of 11 hours and 5 minutes, total games played of 183 and total points
played of 980. Notice that the Serving Points Won is not given directly in the table. This statistic
can be derived from the Receiving Points Won such that Serving Points Won for Isner and Mahut
are 1 — 117/491 = 76.2% and 1 — 104/489 = 78.7%, respectively. Alternatively, the Serving Points
Won can be obtained from a combination of the 1st Serve %, Winning % on 1st Serve and Winning
% on 2nd Serve such that Serving Points Won for Isner and Mahut are (361/491)(292/361) + (1 —
361/491)(82/130) = 76.2% and (328/489)(284/328) + (1 —328/489)(101/161) = 78.7%, respectively.
Note that the Winning % on 1st Serve is conditional on the 1st serve going in whereas the Winning
% on the 2nd Serve is unconditional on the 2nd serve going in. Also worth observing is that Mahut
won a higher percentage of points on serve even though Isner won the match, the relatively high
proportion of aces served by each player (113/491 = 23.0% and 103/489 = 21.1% for Isner and
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Mahut respectively), and the relatively low number of break point opportunities (14 and 3 for Isner
and Mahut respectively). These calculations could be used as a teaching exercise in interpreting
and analyzing data, and in conditional probabilities.

Table 8.1: Match statistics for the men’s 2010 1st round Wimbledon Championships between
John Isner and Nicholas Mahut.

Statistic Isner Mahut

1st Serve % 361 of 491 = 74% 328 of 489 = 67%
Aces 113 103
Double Faults 10 21
Unforced Errors 52 39

Winning % on 1st Serve 292 of 361 = 81% 284 of 328 = 87%
Winning % on 2nd Serve 82 of 130 = 63% 101 of 161 = 63%

Winners 246 244
Receiving Points Won 104 of 489 = 21% 117 of 491 = 24%
Break Point Conversions 2 of 14 = 14% 1 of 3 =33%
Net Approaches 97 of 144 = 67% 111 of 155 = 2%

Combining player statistics is a common challenge in sport. Although we would expect a good
server to win a higher proportion of serves than average, this proportion would be reduced somewhat
if his opponent is a good receiver. We can calculate the percentage of points won on serve when
player i meets player j on surface s (fijs) as follows:

fijs = fis — Gjs + Gavs (821)

where f;s is the percentage of points won on serve for player ¢ on surface s; g;s is the percentage
of points won on return of serve for player i on surface s; g,us represents the average (across all
ATP/WTA players) percentage of points won on return of serve on surface s.

The average percentage of points won on return of serve across all players on each of six different
surfaces (grass, hard, indoor hard, clay, carpet and acrylic) was calculated from OnCourt and rep-
resented in Table 8.2. Note that the serving averages for carpet and indoor hard are approximately
the same and are therefore combined as the one surface. Similarly, hard and acrylic are combined
as the one surface. Therefore, the surfaces are defined as: s = 1 for grass, s = 2 for carpet and
indoor hard, s = 3 for hard and acrylic, and s = 4 for clay. For example, suppose male player ¢
with f;1 = 0.7 and g;1 = 0.4 meets male player j with f;; = 0.68 and gj; = 0.35 on a grass court
surface. Then the estimated percentage of points won on serve for player i and player j are given
by fij1 = 0.7 —0.35+0.347 = 69.7% and fji1 = 0.68 — 0.4 + 0.347 = 62.7%, respectively.

The general form for updating the rating of a player is:

New rating = Old rating + «(actual margin-predicted margin) for some a.

Using serving and receiving player statistics as ratings, we get

is = fis + as(fis — fijs) (8.2.2)
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Table 8.2: The average probabilities of points won on return of serve for men’s and women’s
tennis.

Surface Men Women

Grass 0.347  0.420
Carpet-I.Lhard  0.358  0.430
Hard-Acrylic  0.375  0.448

Clay 0.400 0.464
gv?e = gfs + as(.ggs - gijs) (823)
where f7, f7 and f{ represent the new, old and actual percentage of points won on serve for

player ¢ on surface s; g, g7, and g{. represent the new, old and actual percentage of points won on
return of serve for player ¢ on surface s; as is the weighting parameter for surface s.

Experimental techniques show that a; = 0.049 is a suitable weighting parameter for all surfaces
for both men and women. Further, every player is initialized with surface averages as given in
Table 8.2.

Equations 8.2.2 and 8.2.3 treat each surface independently. A more advanced approach is to
update the serving and receiving statistics for each surface when playing on a particular surface.
For example, if a match is played on grass, then how are the other surfaces of clay, carpet/i.hard
and hard/acrylic updated on the basis of the player’s performances on the grass?

This more complicated approach is given as follows:

iT;t = fzos + ast(fi(,lg - fijs) (824)

Gist = 95 + st (955 — ijs) (8.2.5)

where f, represents the new expected percentage of points won on serve for player i on surface
t when the actual match is played on surface s; g, represents the new expected percentage of points
won on return of serve for player ¢ on surface ¢ when the actual match is played on surface s; ag is
the weighting parameter for surface t when the actual match is played on surface s. Table 8.3 gives
the weighting parameters based on experimental techniques.

Table 8.3: Surface weighting parameters as applicable to both men and women.

Surface t = Grass t = Carpet/Lhard ¢ = Hard/Acrylic ¢ = Clay
s = Grass 0.049 0.02 0.015 0.01

s = Carpet/Lhard 0.02 0.049 0.02 0.015

s = Hard/Acrylic  0.015 0.02 0.049 0.02

s = Clay 0.01 0.015 0.02 0.049
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8.3 Updating Rule

Although prior estimates of points won on serve may be reliable for the first few games or even
the first set, it would be useful to update the prior estimates with what has actually occurred
throughout the match. We will use an updating system of the form where for player i the proportion
of initial serving statistics (X;) is combined with actual serving statistics (Y;) to give updated serving
statistics (Z;) at any point within the match.

Zi=e X 4 (1 — e Y, (8.3.1)

where n represents the total number of points played and c is a constant.

Experimental results reveal that ¢ = 200 is a suitable constant for best-of-5 and best-of-3 set
matches. Note that the updating process occurs after each point.

8.4 John Isner vs Nicholas Mahut

Serving and receiving rating statistics for Isner and Mahut prior to the match at the 2010 Wimbledon
Championships are given in Table 8.4 using the forecasting algorithm given by equations 8.2.4
and 8.2.5. Note that the serving statistics on grass for Isner (70.9%) and Mahut (68.8%) are above
the average serving statistic on grass (65.3%). Also note that the receiving statistic on grass for
Isner (32.7%) is below the average receiving statistic on grass (34.7%). Combining these serving
and receiving rating statistics on grass using equation 8.2.1 gives predicted serving statistics for
Isner and Mahut at the outset of the match as 69.3% and 70.7% respectively, and as expected both
values are above the average serving statistic of 65.3%.

Table 8.4: Serving and receiving rating statistics for Isner and Mahut prior to the match
played at the 2010 Wimbledon Championships.

Player(i)  fa gi1 iz 92 fis 9i3 fia Gia

Isner 0.709 0.327 0.722 0.335 0.748 0.349 0.698 0.356
Mahut 0.688 0.363 0.690 0.360 0.630 0.381 0.616 0.382

The predicted serving statistics of 69.3% and 70.7% for Isner and Mahut respectively are used
as input parameters in the model to give various resultant statistics, as represented in table 8.5.
Note that the mean number of games in a set/match with the associated standard deviations are
calculated for each player serving first in the set/match.
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Table 8.5: Predicted parameters for the Isner vs Mahut match played at the 2010 Wimbledon
Championships.

Parameter Scoring unit Isner  Mahut

Chance of winning Point on serve  69.3% 70.7%
Game on serve  89.2% 90.9%
Tiebreak game 47.5% 52.5%
Tiebreak set 45.7% 54.3%
Advantage set  44.8% 55.2%

Match 41.6% 58.4%
Mean number of games Tiebreak set 11.0 10.9
Advantage set  14.8 14.8
Match 46.4 46.4
Standard deviation of number of games Tiebreak set 1.8 1.9
Advantage set 9.1 9.1
Match 12.1 12.1

Two questions were proposed in the preface. Firstly, was this ‘long’ match of 11 hours and 5
minutes predictable? The predicted parameters above pa = 0.693, pg = 0.707 are used for the
analysis and thus Table 8.6 gives the chances of a best-of-5 final set advantage match going beyond
a certain amount of time from the outset p4 = 0.693, pp = 0.707 using results from both the
Normal Power approximation and simulated results. Note that an average time to play a point of
41 seconds is used in the analysis where the average rest time is 35 seconds and the average time
to play a point (during play) is 6 seconds. Table 8.6 suggests that a ‘long’ match although highly
unlikely is still a possibility as indicated by the simulated results that there is a 0.1% chance of a
match going beyond 8 hours. Note that the fifth set lasted for 8 hours and 11 minutes as a result
of the advantage rule played at 6-games all in the final set (in comparison to a typical tiebreak
game if the score-line reaches 6-games all in a tiebreak set). The most likely reason that the final
advantage set lasted for over 8 hours is from the high percentage of points won on serve from both
players, making it extremely difficult for either player to break serve in order to win the match.
Incidentally, the 138 games for the final set was also a record for the longest set by games played.



138 CHAPTER 8. PREDICTIONS

Table 8.6: The chances of a best-of-5 final set advantage match going beyond a certain
amount of time from the outset for p4, = 0.693, pg = 0.707 using results from both the
Normal Power approximation and simulated results.

Time (hours) NP approximation Simulation

0.5 100.0% 100.0%
1.0 100.0% 100.0%
1.5 99.7% 99.9%
2.0 95.6% 96.3%
2.5 79.7% 76.6%
3.0 53.6% 55.8%
3.5 29.6% 30.5%
4.0 14.4% 15.8%
4.5 6.5% 6.9%
5.0 2.9% 2.9%
5.5 1.3% 1.2%
6.0 0.5% 0.7%
6.5 0.2% 0.5%
7.0 0.1% 0.3%
7.5 0.0% 0.2%
8.0 0.0% 0.1%
8.5 0.0% 0.0%
9.0 0.0% 0.0%

The percentage of points won on serve for each player in each set are given in Table 8.7. In
particular, the percentage of points won on serve in the fifth set for both players are greater than
their predictive points won on serve from the outset and the actual percentage of points won on
serve for the match. Both the third and fifth sets stand out as particularly ‘high’ percentage of
points won on serve for both players. Note that at the start of the fifth set, 269 points had been
played with John Isner and Nicholas Mahut winning 75.4% and 71.2% of points on serve respectively.
Therefore, applying the Updating Rule (Equation 8.3.1) at the start of the fifth set, equates to John
Isner and Nicolas Mahut predicted to win 73.8% and 71.1% of points on serve respectively at the
start of the fifth advantage set. Table 8.8 gives the chances of an advantage set going beyond a
certain amount of time for py = 0.738%, pg = 0.711% using results from both the Normal Power
approximation and simulated results. Table 8.8 suggests that a ‘long’ fifth advantage set although
highly unlikely is still a possibility as indicated by the simulated results that there is a 0.1% chance
of the advantage set going beyond 7 hours of play.
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Table 8.7: Percentage of points won on serve in each set for the Isner vs Mahut match at the
2010 Wimbledon Championships.

Set Isner Mahut

76.9% 65.5%
57.1%  76.9%
81.1% 77.5%
71.8%  66.7%
) 77.2%  81.9%

Match 76.2% 78.7%

=~ W N =

Table 8.8: The chances of an advantage set going beyond a certain amount of time for
pa = 0.738, pg = 0.711 using results from both the Normal Power approximation and
simulated results.

Time (hours) NP approximation Simulation

0.5 75.5% 94.9%
1.0 40.5% 44.2%
1.5 22.5% 24.1%
2.0 10.0% 13.9%
2.5 1.3% 7.7%
3.0 0.0% 4.8%
3.5 0.0% 2.9%
4.0 0.0% 1.2%
4.5 0.0% 0.7%
5.0 0.0% 0.7%
5.5 0.0% 0.4%
6.0 0.0% 0.2%
6.5 0.0% 0.1%
7.0 0.0% 0.1%
7.5 0.0% 0.0%
8.0 0.0% 0.0%
8.5 0.0% 0.0%
9.0 0.0% 0.0%

The actual serving parameters for the fifth set as given in Table 8.7 of John Isner and Nicholas
Mahut winning 77.2% and 81.9% of points on serve respectively well exceed the predicted parameters
for the start of the fifth set (73.8% for Isner and 71.1% for Mahut). As noted above both players
recorded a particularly ‘high’ percentage of points won on serve in the third set (81.1% for Isner and
77.5% for Mahut). Thus, Table 8.9 gives the chances of an advantage set going beyond a certain
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amount of time for p4 = 0.811, pp = 0.775 using results from both the Normal Power approximation
and simulated results. Table 8.9 suggests that a ‘long’ fifth advantage set is not unlikely as indicated
by the simulated results that there is a 3.1% chance of the advantage set going beyond 8 hours of

play.

Table 8.9: The chances of an advantage set going beyond a certain amount of time for
pa = 0.811, pg = 0.775 using results from both the Normal Power approximation and
simulated results.

Time (hours) NP approximation Simulation

0.5 80.4% 93.7%
1.0 67.0% 69.0%
1.5 54.2% 54.7%
2.0 43.3% 44.5%
2.5 34.6% 35.5%
3.0 27.8% 27.4%
3.5 22.2% 22.6%
4.0 17.3% 18.0%
4.5 12.9% 13.9%
5.0 8.9% 10.9%
5.5 5.4% 8.6%
6.0 2.7"% 6.9%
6.5 1.0% 5.7%
7.0 0.3% 4.7%
7.5 0.0% 3.8%
8.0 0.0% 3.1%
8.5 0.0% 2.0%
9.0 0.0% 1.7%
9.5 0.0% 1.4%
10.0 0.0% 1.1%

An alternate analysis is now given for the number of games played in the advantage final set as
this typically reflects why ‘long’ matches occur with a high serving dominance from both players,
and hence the difficulty for either player to obtain a break of serve in order to finish the match. As
stated above, the 138 games for the final set was also a record for the longest set by games played.

Both players are above the ATP tour averages on grass for the percentage of points won on
serve and Isner is below the ATP tour averages on grass for the percentage of points won returning
serve. When the player’s statistics are combined together we find that both players are still above
the ATP tour averages on grass for percentage of points won on serve. From Table 8.5, Isner is
expected to win 69.3% of points on serve and Mahut is expected to win 70.7% of points on serve.
Isner is expected to win 89.2% of games on serve and Mahut 90.9%. This means that it will be
difficult for either player to break serve and if the match does reach an advantage fifth set, there
is a possibility it will go on for a long time. Table 8.10 gives the chances of reaching various score
lines from the outset of an advantage set, where column 2 represents the initial predicted serving
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statistics (Isner p4 = 0.693, Mahut pp = 0.707), column 3 represents the updated serving statistics
at the start of the fifth advantage set (Isner p4 = 0.738, Mahut pp = 0.711) and column 4 represents
the serving statistics using the actual serving statistics from the third set (Isner p4 = 0.811, Mahut
pp = 0.775). Table 8.10 suggests that a ‘long’ fifth advantage set could be predictable by using
serving parameters based on the ‘high’ serving performance given by both players in the third set
(Isner p4 = 0.811, Mahut pp = 0.775). In particular, there is a 3.0% chance of the match reaching
68 games-all in the fifth advantage set. Note that the serving performance in the actual fifth set
reflected the serving performance given by the serving performance in the third set. Using the
results above, it could be argued that although it is somewhat difficult to predict a ‘long’ match
from the outset, there is indication based on the serving performance by both players throughout
the match, that a ‘long’ match was ‘somewhat’ possible prior to the start of the fifth advantage set.

Table 8.10: Chances of reaching a score line in an advantage set for the Isner vs Mahut match
at the 2010 Wimbledon Championships.

Score line ps =0.693 ps =0.738 ps = 0.811
pg = 0.707 pp=0.711 pp=0.775

6-6 37.9% 46.4% 74.2%
-7 31.1% 40.1% 70.5%
8-8 25.5% 34.6% 66.9%
9-9 21.0% 29.9% 63.5%
10-10 17.2% 25.8% 60.3%
20-20 2.4% 5.9% 35.9%
30-30 0.3% 1.4% 21.4%
40-40 0.0% 0.3% 12.8%
50-50 0.0% 0.1% 7.6%
60-60 0.0% 0.0% 4.5%
68-68 0.0% 0.0% 3.0%
69-69 0.0% 0.0% 2.8%

The second question proposed in the preface: What are the chances of this record being broken
in the future? The best scenario for a ‘long’ match to occur, is for both player’s winning a ‘high’
percentage of points on serve in the deciding advantage set. Note that as of 2022 all four grand
slams have adopted a decider tiebreak game at 6 games-all in the deciding set with the French Open
being the last of the grand slams. Thus, the results to follow are somewhat hypothetical although
changes to scoring systems could still occur in the future including an advantage final set.

From Table 8.2, the average percentage of points won on serve is highest on grass for both men
and women. The proportion of matches represented by serving percentages at men’s and women’s
grand slam singles events in 2010 is given in Tables 8.11 and 8.12 respectively. As expected,
Wimbledon for both men and women have the highest proportion of matches played with the
greatest serving dominance. In particular, both players were winning at least 70% of points on
serve in 7.2% of matches played at Wimbledon for men (compared to 3.1% at the US Open, 2.4%
at the Australian open and 0.8% at the French Open). Therefore, if the 138 game record was to be
broken in the future it would most likely occur at the men’s Wimbledon Championships.
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Table 8.11: Proportion of matches represented by serving percentages at men’s grand slam
singles events in 2010.

Serving percentages Wimbledon US Open Australian Open French Open

> 70% 7.2% 3.1% 2.4% 0.8%
> 65% 29.6% 7.9% 9.6% 7.1%
> 60% 66.4% 39.4% 36.8% 30.7%
> 55% 91.2% 71.7% 72.0% 55.1%
> 50% 98.4% 89.0% 86.4% 81.1%

Table 8.12: Proportion of matches represented by serving percentages at women’s grand slam
singles events in 2010.

Serving percentages Wimbledon US Open Australian Open French Open

> 70% 0.8% 0.0% 0.0% 0.0%
> 65% 3.2% 0.8% 0.8% 0.8%
> 60% 19.0% 8.7% 7.1% 1.6%
> 55% 48.4% 21.4% 31.5% 15.0%
> 50% 79.4% 40.5% 63.8% 43.3%

8.5 Sports Multimedia

Profiting from sports betting is an obvious application of predicting outcomes in sport. Although
sports betting was originally restricted to betting before the start of the match, it is now possible
and common to be betting throughout a match in progress. However, the appeal of predictions
throughout a match may not just be restricted to punters. In-play sports predictions could be
used in sports multimedia, and hence could be appealing to the spectator, coach or technology buff
without involving actual betting. According to Wikipedia: “Multimedia is media and content that
includes a combination of text, audio, still images, animation, video, and interactivity content forms.
Multimedia is usually recorded and played, displayed or accessed by information content processing
devices, such as computerized and electronic devices”. There are many ways predictions through
multimedia could be used. Spectators could engage with live predictions through multimedia for
entertainment when watching a live match. If a spectator was to place a bet, then live predictions
through multimedia could be used as a decision support tool as to when and how much to bet
on a particular event, and hence the combination of betting and multimedia becomes a powerful
form of entertainment. Another interesting application of sports predictions in multimedia is in
teaching mathematical concepts, which students often relate to sporting events and hence may be
stimulated in learning mathematics through an activity of personal interest. Another application is
in using predictions as a coaching tool. For example, it is common for players and coaches to watch
a replayed match to discuss strategies for upcoming matches. The graphical and visual aspects of
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the predictions could enhance the TV replay. A further application is in using the predictions for
TV commentary. For example a time series plot of the probability of winning a tennis match in
progress can be useful for TV commentary by supporting his/her discussion on the likely winner
of the match. Commentators could also use the graph to evaluate the match after completion to
identify turning points and key shifts in momentum.

Strategic Games specializes in delivering online sports content and currently has an interactive
tennis calculator freely available in an Excel spreadsheet?. The user interacts by firstly entering
the probabilities of each player winning a point on serve followed by the current server and score
line; and the calculator outputs the chances of winning the game, set and match (Chapters 1-2).
The calculator also includes the chances of reaching a future score line from a particular score line
(Chapter 3), and the parameters of distribution and the distributions at different levels within a
tennis match (Chapters 4-7). Further, a predictive feature gives the serving probabilities for any
two given players on the men’s and women’s main tour on a particular surface (Chapter 8).

Figure 8.1 represents a tennis calculator at the outset of the Isner versus Mahut match played
at the 2010 Wimbledon Championships. It shows that Isner has a 89.2% chance of winning a game
on serve, 45.7% chance of winning a tiebreak set and a 41.6% chance of winning the match. It also
shows that there is 19.3% chance of reaching deuce on Isner’s serve, 37.9% chance of reaching a
tiebreak game and a 36.9% chance of reaching a deciding advantage 5th set. From the graph of
the total number of sets played in the match, it shows that Isner has a 9.5%, 15.5% and 16.6%
chance of winning the match in 3, 4 and 5 sets respectively, and that Mahut has a 16.0%, 22.0%
and 20.4% chance of winning the match in 3, 4 and 5 sets respectively. The graph of the number of
sets remaining in the match shows there is a 25.6% chance of the match finishing in 3 sets, 37.5%
chance of the match finishing in 4 sets and a 36.9% chance of the match finishing in 5 sets. The
parameters of distribution of the total number of sets played in the match are also displayed, and
shows that the mean number of sets to be played is 4.11 with a corresponding standard deviation
of 0.78.

2
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Type Structure Gender Surface Player A Player B 41 60/
Predictive ﬂ| 5 set advantage L‘ Male ﬂ‘ Grass - " John Isner LI Nicolas Mahut hd ’ o
Player Initial Serve Time Point Won Serve Played Serve Actual Serve VS
John Isner D 69,3% - 0 = 0 0,0% 0
E . 8 )
Nicolas Mahut - 70,7% = 0 = 0 0,0% 58’4 A)
Player Server Points Sets Points Games Sets
John Isner ® = 0 = 0 = 0 - 3 - 6 - 2
Nicolas Mahut o - 0 E 0 - 0 - 3 - 6 = 2
Player Point Game Set Match Game Set Match
John Isner 69,3% 89,2% 45,7% 41,6%
. ! ! ’ 19,39 37,9% 36,99
Nicolas Mahut 30,7% 10,8% 54,3% 58,4% % 5 %
Number of sets plaved in the match = [ Mean St. Deviation Variance Variation Skewness Kurtosis
e | 41 0,78 0,61 0,19 -0,20 -1,34
40%
35%
30%
25%
20%
15%
10%
5%
0%
2 3 4 5 6 7 8 9 1011 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26
B Player A|0,0%|9,5% [15,5%16,6% 0,0% |0,0% | 0,0% | 0,0% | 0,0%| 0,0% | 0,0% | 0,0% | 0,0% | 0,0% |0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0%| 0,0% | 0,0% | 0,0% 0,0%
B Player B |0,0% (16,0%22,0%20,4% 0,0% |0,0% | 0,0% | 0,0% | 0,0%| 0,0% | 0,0% | 0,0% | 0,0% | 0,0% |0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0% | 0,0%| 0,0% | 0,0% | 0,0% | 0,0%

N | Mean St. Deviation Variance Variation Skewness Kurtosis
Number of sets remaining in the match A 4
4,11 0,78 0,61 0,19 -0,20 -1,34

40%
35%
30%
25%
20%
15%
10%

5%

0%

2 3 4 5 6 7 8 9 |10 | 11 |12 | 13| 14 |15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26
llSets 0,0%|25,6 | 37,5 | 36,9 |0,0%|0,0% 0,0%|0,0%|0,0% | 0,0% 0,0%| 0,0% 0,0% | 0,0%|0,0%0,0% |0,0% 0,0%|0,0% | 0,0%| 0,0% 0,0%|0,0%  0,0%|0,0%

Figure 8.1: Screenshot of a tennis calculator for the Isner versus Mahut match at the 2010
Wimbledon Championships.
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Scoring systems

9.1 Introduction

There are arguably equal skills in all three forms of tennis (singles, doubles and mixed doubles),
albeit each requires somewhat different skillsets. Grand Slams are the pinnacle tournaments in
tennis and have all three forms of the game. Elite male singles players tend not to play in men’s
doubles and mixed doubles Grand Slam events due to the (possible) need for physical recovery
from singles matches and the risk of injury given that men’s singles Grand Slams are the best-of-5
sets matches. In contrast women’s singles are the best-of-3 sets matches. This reluctance to play
doubles is evident in the dominance of Djokovic, Nadal and Federer in winning a total of 66 Grand
Slam singles events, but competing in only a handful of Grand Slam doubles events and this was
early in their playing careers. In non-Grand Slam doubles events Federer won the Tennis Masters
Series in Miami 2003, CA Tennis Trophy in Vienna 2003, Gerry Weber Open in Halle 2005 and
the Olympics in Beijing in 2008. Djokovic won the AEGON Championships in London 2010 and
the ATP Cup in Brisbane 2020. Nadal won the International Championships in Croatia 2003, Tata
Open in Chennai 2004, Qatar Open in Doha 2005, Master Series Monte-Carlo in Monte-Carlo in
2008, Qatar ExxonMobil Open in Doha 2009, BNP Paribas Open in Indian Wells in 2010, Qatar
ExxonMobil Open in Doha 2011, BNP Paribas Open in Indian Wells in 2012, Qatar ExxonMobil
Open in Doha 2015, Olympics in Rio de Janeiro 2016 and the China Open in Beijing 2016. Of note,
a lot of these tournament wins were early in these players’ careers. In contrast, Serena Williams
won 23 singles Grand Slams, 14 doubles Grand Slams and 2 mixed doubles Grand Slams.

Hence, it is reasonable to believe that if the number of days played in Grand Slam tournaments
was extended and the singles matches were expected to be of shorter duration, then the elite
men’s singles players such as Djokovic, Nadal and Federer might have competed in more Grand
Slam doubles tournaments and potentially won some doubles Grand Slams. This would probably
enhance spectator interest, sponsorship, prize money and benefit the tournament. How many days
is reasonable to extend Grand Slam tournaments? If the length was extended by say 1 week, then
you would probably get several elite singles players competing in doubles. However, there could be
scheduling issues with future tournaments and TV coverage rights given that the schedule is already
very tight. Thus, there is a sliding scale of extending the length from 1 day to 1 week. All four
Grand Slams typically start on a Monday and go for 14 days with the last event being the men’s
singles final on a Sunday. It could be feasible to start Grand Slams on the prior Sunday or Saturday
and increase the length of a Grand Slam tournament by 1-2 days, and hence reduce the length of
the tournament leading up to the Grand Slam by 1-2 days. This was evident at the 2024 Australian
Open where the 1st round was competed over 3 days starting on the prior Sunday (and this was
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also done previously at the French Open). It would appear to be self-evident that the main reason
elite men singles players are not competing in doubles is the fact that men’s singles play best-of-5
sets matches (which can be very physically demanding), compared to women who play best-of-3
sets matches. Is it then possible to slightly modify the scoring structure of men’s singles matches
such that the length of the match is reduced but the 5 sets match structure is maintained, and 4
levels of hierarchy (points, games, sets, match), whilst keeping the probabilities of the better player
winning for the new structure and the current structure quite comparable?

This chapter demonstrates that this is possible by replacing the current deuce game with either
the 50-40 game (the server must win 4 points to win the game whilst the receiver only needs to win
3 points to win) or the No-ad (once the score reaches 40-40 the winner of the next point wins the
game). This 50-40 game was first studied by Pollard and Noble (2004). Note that the No-ad game
is currently used in doubles on the main tour (excluding Grand Slams) and Grand Slam mixed
doubles.

The mathematics outlined throughout Chapters 1-7 is utilized in obtaining probabilities of
winning and match duration across the No-ad and 50-40 games, and compared to the deuce game.
And thus the results suggest that the following tournament modifications might reasonably be
considered at the Grand Slam tournaments:

e Extend the length of Grand Slam tournaments from 14 days to 15 or 16 days

e Replace the deuce and No-ad games with the 50-40 game (server must win 4 points and
receiver only has to win 3 points) in all Grand Slam tennis matches

e Adopt a final advantage set in men’s and women’s singles Grand Slam events

9.2 Methods

Brown, Barnett, Pollard, Pollard, and Ejov (2022) calculated characteristics for the 50-40 and No-ad
games and compared them with those of the current deuce game. These characteristics were:

1. Probability of the better player winning a match

2. Mean number of points played

3. Standard deviation of the total number of points played

4. Coefficient of skewness of the total number of points played

5. 95%, 99% and 99.5% points of the cumulative distribution of the total number of points
played.

Their results indicated that the mean, standard deviation, coefficient of skewness and 95%,
99% and 99.5% points of this cumulative distribution are reduced for the 50-40 and No-ad games
when compared to the deuce game, whilst the probabilities of winning the match are reasonably
comparable for all three scoring systems. For this paper, the following characteristics are obtained
and are presented in Tables 9.1, 9.2 and 9.3. Note that the time (T) taken to play a point was
estimated at 8 seconds and the time between points (which also incorporates the break time at
change of ends) was estimated at 35 seconds. These estimates are based on historical data (Barnett,
2012). These estimates were used to ascertain the difference in the time taken for a match under
the alternative game structures. Note also that all tiebreak set matches are used.
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a) Probability of the better player winning a best-of-5 sets match (Prob 5 sets)

b) Probability of the better player winning a best-of-3 sets match (Prob 3 sets)

¢) Mean amount of time in hours played for a best-of-5 sets match (Mean 5 sets)

d) Standard deviation of the amount of time played for a best-of-5 sets match (SD)

e) Coefficient of skewness of the amount of time played for a best-of 5 sets match (Skew)
f) Percentage of a best-of-5 sets match going beyond 3 hours (3 hrs)

g) Percentage of a best-of-5 sets match going beyond 4 hours (4 hrs)

h) Percentage of a best-of-5 sets match going beyond 5 hours (5 hrs)

Table 9.1: Match characteristics when p4 = 0.62 and pp = 0.58.

Game Prob Prob Mean SD Skew 3 hrs 4 hrs 5 hrs
5 sets 3 sets b5 sets

Deuce 0.741 0.697 3.11 0.74 0.15 54.6% 12.9% 0.3%
No-ad 0.721 0.681 2.74 0.63 0.11 351% 23% 0.0%
50-40 0.715 0.675 234 055 0.13 12.9% 0.0% 0.0%

Table 9.2: Match characteristics when p4 = 0.66 and pg = 0.62.

Game Prob Prob Mean SD Skew 3 hrs 4 hrs 5 hrs
5 sets 3 sets D sets

Deuce 0.734 0.691 3.12 0.73 0.14 55.0% 12.9% 0.3%
No-ad 0.719 0.679 2.77 064 0.11 36.7% 2.7% 0.0%
50-40 0.718 0.678 237 0.55 0.13 142% 0.0% 0.0%

Table 9.3: Match characteristics when p4 = 0.70 and pg = 0.66.

Game Prob Prob Mean SD Skew 3 hrs 4 hrs 5 hrs
5 sets 3 sets D sets

Deuce 0.725 0.684 3.14 0.73 0.12 56.4% 13.5% 0.3%
No-ad 0.717 0.677 2.82 0.64 0.11 39.5% 3.5% 0.0%
50-40 0.721 0.680 241 0.56 0.13 16.1% 0.1% 0.0%

The probabilities of reaching a game score of 6-6, 12-12, 18-18,.... in an advantage set were
evaluated for a set between two extremely strong servers and obtained in Table 9.4.
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Table 9.4: Chances of reaching a game score line in an advantage set when p4 = 0.82 and
PB = 0.77.

Score line Deuce No-ad 50-40

6-6 74.1% 64.6% 34.7%
12-12 54.3% 40.7%  9.5%
18-18 39.8% 25.6% 2.6%
24-24 20.1% 16.1%  0.7%
30-30 21.3% 10.2%  0.2%
36-36 15.6% 6.4% 0.1%
42-42 11.5%  4.0% 0.0%
48-48 84%  25%  0.0%
54-54 6.1% 1.6%  0.0%
60-60 45% 1.0%  0.0%
66-66 3.3%  0.6%  0.0%
68-68 3.0% 05% 0.0%

9.3 Results

The results for 3 scenarios are given in Tables 9.1, 9.2 and 9.3. Table 9.2 gives the results for a
typical match between two men with average serving success (pg = 0.66 and pp = 0.62), where
player A is the better player. Table 9.1 gives the corresponding results for the case when both
players have a lower success rate on service (p4 = 0.62 and pp = 0.58, where player A is again the
better player), and Table 9.3 gives the corresponding results for the case where both players have a
higher success rate on service.

Whilst there are many similarities in these tables, the percentage of ‘long’ matches is reduced
very considerably by using the No-ad and 50-40 games (see columns 7 for example).

Table 9.4 shows the probability that an advantage set reaches certain scores (6-6, 12-12, 18-18,
...) for parameters relevant to the case of extremely strong servers (and/or weak receivers). The
parameters used are the observed statistics in the final advantage set from the famous John Isner
and Nicholas Mahut match at Wimbledon in 2010 (p4 = 0.82 for Isner and pp = 0.77 for Mahut).
For these parameters, when using the 50-40 game, extremely long matches are most unlikely to
occur.

Table 9.5 gives the corresponding results when using 50-40 games and a 5th set advantage,
whilst the first 4 sets are tiebreak sets. 4-hour matches are most unlikely to occur, thereby opening
the possibility for using an advantage fifth set.

9.4 Discussion

It can be seen from Tables 9.1, 9.2 and 9.3 that the probability that the better player wins the
match is only “marginally” reduced by using the No-ad or 50-40 game instead of the deuce game.
More specifically, it can be shown that the probability of the better player winning a match in a
best-of-5 sets using a 50-40 game is always greater than the probability of the better player winning
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Table 9.5: Characteristics for a best of 5 sets match with 50-40 games and a 5th advantage
set.

Pa DB Prob Mean SD  Skew 3 hours 4 hours b5 hours

0.62 0.58 0715 235 055 018 13.2% 0.1% 0.0%
0.66 0.62 0719 238 056 020 14.6% 0.1% 0.0%
0.70 0.66 0.722 241 057 023 16.6% 0.2% 0.0%

a match in a best-of-3 sets using a deuce game. For example, from Table 9.1 the probability of
the better player winning a best-of-5 sets match using a 50-40 game is 0.715 and the probability of
the better player winning a best-of-3 sets match using a deuce game is 0.697 (as used in women’s
singles matches).

As expected, both the mean and standard deviation of the total time played in the match are
reduced relative to the deuce game when using either the No-ad or 50-40 game. For example, the No-
ad and 50-40 games reduce the mean duration by 21 mins and 45 mins respectively when p4 = 0.66
and pp = 0.62. As expected, the probabilities that the best-of-5 sets match goes beyond 3, 4 and
5 hours are significantly reduced for the No-ad and 50-40 games. In particular, the chance that a
typical men’s tennis match lasts more than 4 hours using a deuce game is about 13% at present
(see Table 9.2), whereas it would occur less than 0.01% of the time using 50-40 games. Thus, the
50-40 game not only reduces the mean and the standard deviation of the total time played from
both deuce and No-ad games, but allows for the possibility of playing an advantage final set and
keeping with tradition, which is not ‘possible’ using deuce or No-ad games (see Table 9.5). Also, for
both best-of-3 and best-of-5 sets matches, the probability of the stronger player winning the match
when using No-ad or 50-40 games is comparable to its value when using deuce games. Based on the
above observations the 50-40 and No-ad games could be considered “preferable” scoring systems to
the deuce game and the 50-40 game could be considered a “preferable” scoring system to the No-ad
game.

There are examples of continuous quality improvement in tennis. Firstly, the development of
the tiebreak game is one example. One type of tiebreak was invented by Jimmy Van Alen in 1965
to reduce the length of matches, and in 1970, the US Open became the first of the Grand Slam
tournaments to use the tiebreak set. Jimmy Van Alen talked about the tiebreak for a decade before
the best of 9 points was used in an invitation professional tournament at the then US Hall of Fame
at Newport in 1965. Before the No-ad game was used in Grand Slam mixed doubles tournaments, it
was trialed at ‘lower-level’ tournaments and in particular doubles on the non-Grand Slam main tour.
This change in scoring systems was brought about in 2006 along with a first-to-10 tiebreak game as
the deciding final set. When the No-ad game was found to be a useful and practical game structure
for these tournaments, it was adopted for mixed doubles at the Grand Slam events. Given that the
50-40 game has (mathematical) scoring system properties that make it quite attractive compared
with both deuce and No-ad games, it follows that, in the interest of continuous improvement in the
game of tennis, it would seem appropriate that the 50-40 game be trialed in some tournaments,
initially in men’s and women’s doubles. Another example of continuous quality control in tennis,
although arguably quite slow in its adoption, was the use of a tiebreak final set in all Grand Slam
matches. Organizers and governing bodies reacted from ‘long’ matches occurring as a result of
the advantage final set. For example, Ivanisevic defeating Krajicek 15-13 at Wimbledon in 1998,
Philippoussis defeating Schalken 20-18 at Wimbledon in 2000, Roddick defeating El Aynaoui 21-19
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at the 2003 Australian Open, and Isner defeating Mahut 70-68 at Wimbledon in 2010. Several
alternative tiebreak fifth sets were used before the present 10-point tiebreak was adopted.

Table 9.4 uses the probabilities of winning points on serve, as occurred in the Inser vs Mahut
match, to represent the most ‘extreme’ serving probabilities that can occur in men’s tennis. It can
be shown that there was a 3.0% chance of the match reaching 68-68 in such an advantage set. If
a No-ad game was played instead, an estimate of the match reaching 68-68 is 0.5%. However, if a
50-40 game was played then an estimate of the match reaching 68-68 is 0.0%. In fact, it is highly
unlikely the match would even go beyond 30-30 (0.2%) with a 50-40 game. Therefore, by adopting
the 50-40 game, not only is the possibility of very long match durations significantly reduced but
the playing of an advantage set might be considered feasible, in keeping with tradition. As can be
seen in the table, this is not possible with the current deuce or No-ad game. Thus, using the 50-40
game in all matches in men’s and women’s doubles (rather than the No-ad game) would be a useful
trial. Table 9.5 gives characteristics for a 50-40 game with a 5th advantage set, the first 4 sets
being tiebreak sets. As expected, the probabilities of the stronger player winning are increased in
comparison to playing all tiebreak sets. The probability of a match going beyond 5 hours is virtually
zero, and going beyond 4 hours only 0.1%-0.2%. Thus, four tiebreak sets and a 5th advantage set
all using 50-40 games could be trialed as a replacement to using deuce games in 5 tiebreak sets.
Finally, table 9.6 gives a comparison of winning a match from 6-games all in the fifth set using the
7 point tiebreak game with playing a final advantage set with 50-40 games. The stronger player has
between a 1.8%-2.3% increase in winning a match by playing 50-40 games in a final advantage set
in comparison to playing the tiebreak game.

Table 9.6: Comparison of two scoring systems in winning a match from 6-games all in the
final set.

DA DB deuce game 50-40 game
(tiebreak set) (advantage set)

0.62 0.58 56.5% 58.3%
0.66 0.62 56.6% 58.6%
0.70  0.66 56.9% 59.2%

9.5 Conclusions

By analyzing various characteristics of scoring systems, there is mathematical evidence to suggest
that the current deuce game could be replaced by either the No-ad or 50-40 game to reduce the
length of men’s singles Grand Slam matches. By adopting the 50-40 game, the mean length of a
match is reduced by on average 45 minutes and playing an advantage 5th set becomes feasible in
keeping with tradition (and this is not the case with the deuce or No-ad games). For these reasons
it is recommended that by replacing the deuce game with the 50-40 game in men’s singles, would
encourage elite men’s singles players to also compete in doubles Grand Slams (and possibly even
mixed doubles), which should enhance spectator interest, sponsorship, prize money and improve the
quality of the doubles events. Further, by also adopting the 50-40 game in men’s doubles and mixed
doubles Grand Slams would reduce the length of doubles and mixed doubles matches, which would
further increase the likelihood of elite men’s singles players competing in doubles and mixed doubles



9.5. CONCLUSIONS 151

Grand Slams. Likewise adopting a 50-40 game in women’s singles and doubles Grand Slams would
also increase the likelihood of elite women’s singles players competing in doubles and mixed doubles
Grand Slams. For consistency, it could be possible to adopt the 50-40 game in every tennis match
Grand Slam and non-Grand Slam, which would help players adapt to the unbalanced structure of
the 50-40 game, and furthermore encourage elite singles players to compete in non-Grand Slam
doubles. With any system it could be practical to trial the 50-40 game at ‘lower’ tournaments such
as non-Grand Slam doubles given the current No-ad game structure.
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