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nterCasino, an online gambling web site at www.intercasino.
com, recently offered a free flight to New York as a promotional offer to new customers. From Australia, the value of
the flight was about $2,000. To qualify, players had to complete their wagering requirements for one of the online games.
Assuming the player was happy with the terms and conditions
of the offer, two obvious questions are:
Is the offer worthwhile?
Which is the best game to play?
To answer these questions, we need probability theory,
details concerning the games, and clear criteria on which to
base our answers.

Rules of the Promotion
The following conditions were posted on the InterCasino
web site:
1. Deposit $100 or more using any of our payment 		
methods from March 1–31, 2008
2. We will then match the first $100 of this deposit,
giving you another $100 in your account (you may
need to click refresh to see your balance update)
3. All you need to do then is fulfill the bonus
wagering requirement by wagering $5,000 on
any of the games below before midnight on
March 31, 2008
4. Deposit $100 or more using any of our payment 		
methods between April 1–30, 2008
5. We will then match the first $100 of this deposit,
giving you another $100 in your account (you may
need to click refresh to see your balance update)
6. All you need to do then is fulfill the bonus
wagering requirement by wagering $5,000 on
any of the games below before midnight on
April 30, 2008
Games that qualify for the promotional offer are 3 Card
Stud Poker, Let It Ride Poker, Casino Stud Poker, Pai Gow
Poker, Casino Solitaire, Casino War, Red Dog, Bejeweled,
Cubis, Sudoku, Keno, Lottery, and Scratchcards.

Analysis of Casino Games and Percent
House Margin
The exact rules of play vary by game, but the general situation can be represented abstractly. There is an initial cost C
to play the game. Each trial results in an outcome Oi, where
each outcome occurs with profit xi and probability pi. A profit
of zero means the money paid to the player for a particular
outcome equals the initial cost. Profits above zero represent
a gain for the player; negative profits represent a loss. The
probabilities are all non-negative and sum to one over all the
possible outcomes.
Given this information, the total expected profit SEi =
Spixi. The percent house margin (%HM) is then -SEi/C.
Positive percent house margins indicate the gambling site,
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Table 1—Representation in Terms of Expected Profit of a Casino Game with K Possible Outcomes
Outcome

Profit

Probability

Expected Profit

O1

x1

p1

E1=p1x1

O2

x2

p2

E2=p2x2

O3

x3

p3

E3=p3x3

…

…

…

…

OK

xK

pK

EK=pKxK

1.0

S Ei

on average, makes money and the players lose money.
Table 1 summarizes this information when there are K possible outcomes.
If N consecutive bets are made, then the total profit, T,
is a random variable. T = X1 + X2 + …. +XN, where Xi is the
outcome on the ith bet.
We assume the variables Xi are independently and identically distributed. That is, we assume the probability distribution is the same each time we play and consecutive plays have
no impact on each other.

The parameters of T are directly related to the parameters
of X:
Mean mT = NmX
Standard Deviation sT = √N sX
Coefficient of Skewness gT = gX/√N
Coefficient of Excess Kurtosis kT = kX / N
In the above, mX, sX, gX, and kX are the mean, standard
deviation, skewness, and excess kurtosis for variable X. In general, excess kurtosis = kurtosis -3, so the normal distribution
has an excess kurtosis of 0, and therefore a kurtosis of 3.
The parameters are used in a normal approximation to
a standardized version of random variable T. We’ll use this
normal approximation to compute probabilities associated
with the online casino games. A discussion of moments and
parameters of probability distributions is presented in “An Aside
on Moments of a Probability Distribution.”
Let Z be a standardized variable, such that Z = (T – mT)/
sT. Variable Z has mean 0 and variance 1, which is the same
as the standardized normal distribution. The cumulative
distribution function (CDF) of Z can be approximated by the
normal distribution (i.e., Prob (Z ≥ z) = F(z) ≈ F(z), where
F(.) is the cumulative normal distribution).
The simple approximation above will give a poor fit to the
tails of the distribution in most cases. This is because the variable Z may be skewed and have a non-zero excess kurtosis.
A better approximation is the normal power approximation,
which can be expressed as F(z) ≈ F (y), where y = z - 1/6 g T
(z2 – 1) + [1/36 g T 2 (4z3 -7z) – 1/24 k T (z3 – 3z)] .
Using y instead of z in the cumulative normal distribution
provides improved accuracy when the distribution has skewness and excess kurtosis different from that of a standard normal distribution. Failure to recognize a skewed distribution for
the outcome is likely to result in underestimating the chance
of ruin, given a finite capital. This is despite a warning that the
NP approximation is known to fail when gT > 2 or kT > 6.

The Casino Games
The Wizard of Odds at www.wizardofodds.com gives the rules and
%HM for various online casino games, represented in Table
2, by assuming optimal strategies where applicable. Note that
the house margins are unknown for Casino Solitaire, Bejew28
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Table 2—InterCasino Games That Qualify for the Promotional Offer
Game

House Margin

Minimum Bet

3 Card Stud Poker

3.37% (ante bet)
2.32% (pairplus bet)

$5
$5

Let It Ride Poker

3.51%

$6

Casino Stud Poker

5.22%

$2

Pai Gow Poker

2.86%

$5

Casino War

2.88% (go to war)
3.70% (surrender)

$2
$2

Red Dog

3.16%

$5

Keno

25–29%

$0.25

Table 3—Expected Profits of 3 Card Stud Poker with the Minimum $5 Bet
Outcome

Profit ($)

Probability

Expected Profit ($)

Straight Flush

200

12/5525

0.434

Three of a Kind

150

1/425

0.353

Straight

30

36/1105

0.977

Flush

20

274/5525

0.992

Pair

5

72/425

0.847

All Other

-5

822/1105

-3.719

1

-0.116

Total

eled, Cubis, Sudoku, Lottery, and Scratchcards. Therefore,
we choose to ignore these games when determining the best
game to play.
Table 2 indicates that the pairplus bet in 3 Card Stud Poker
has the lowest %HM of 2.32%, but requires a minimum bet of
$5. Therefore, 3 Card Stud Poker requires at most 2,000 trials
to turn over $10,000. The go to war option in Casino War has
a %HM of 2.88% with a minimum bet of only $2. Therefore,
Casino War requires at most 5,000 trials to turn over $10,000.
Although Pai Gow Poker has a %HM of 2.86%, we choose
to ignore this game due to the complex strategies to achieve
this margin. Based on this information, the analysis to follow
will be on 3 Card Stud Poker (pairplus bet) and Casino War
(go to war option).
Tables 3 and 4 give the outcomes, probabilities, profits,
and expected profits for 3 Card Stud Poker and Casino War,
respectively. The minimum bets for each game have been
applied. Note that in Table 4, x = 12*(24/310*23/309) +
22/310*21/309 and y = (1-x)/2. The calculations for
Table 4 were obtained as follows: 23/311 is the probability of the dealer and player obtaining the same
rank of card. The probability of the dealer having
a higher card rank than the player and vice versa
is then (1-23/311)/2 = 144/311. The probability of

the dealer and player obtaining a card of the same rank given
their initial cards were of the same rank can be calculated as x.
The player wins the hand (given the player and dealers initial
cards were of the same rank) by drawing a card with the same
or higher rank than the dealer. This occurs with probability

CHANCE

29

An Aside on Moments of a Probability Distribution
Central to the computations in this article is the normal
approximation to the distribution of the profits from playing an online casino game many times. The mean, variance,
skewness, and excess kurtosis of the distribution of profits
all play a part in the approximation.
As in the article, assume there is an initial cost, C, to
play the game. Each trial results in an outcome Oi, where
each outcome occurs with profit xi and probability pi. The
probabilities are all non-negative and sum to one over all
the possible outcomes. Given this information, the total
expected profit SEi = Spixi. The percent house margin
(%HM) is then -SEi/C. Table 1 in the article summarizes
this information when there are K possible outcomes.

k1X = m1X
k2X = m2X – m1X2
k3X = m3X – 3m2Xm1X + 2m1X3 and
k4X = m4X – 4m3Xm1X – 3m2X2 + 12m2Xm1X2 – 6m1X4
These cumulants can be used to calculate the following
familiar distributional characteristics (parameters) for X:
Mean
Standard Deviation
Coefficient of Skewness
Coefficient of Excess Kurtosis

mX = k1X
sX = square root of k2X
gX = k3X / (k2X)3/2
kX = k4X / (k2X)2

Moments and Cumulants from a Single Bet
The outcome or profit from a single bet, X, is a random
variable. From probability theory, the moment generating
function (MGF) of X is:
MX(t) = E(exp( Xt))
= 1 + m1X t + m2X t2/2! + m3X t3/3! + m4X t4/4! + …,
where mrX represent the rth moment of X. The moments of
X are readily calculated using the following:
m1X = Si pi xi
m2X = Si pi xi2
m3X = Si pi xi3
m4X = Si pi xi4
…
The calculation of these moments is illustrated below:
Outcome

Profit

Probability

1st
Moment

2nd
Moment

3rd
Moment

4th
Moment

O1

x1

p1

p1x1

p1x12

p1x13

p1x14

O2

x2

p2

p2x2

p2x22

p2x23

p2x24

O3

x3

p3

p3x3

px

px

p3x34

…

…

…

…

…

…

…

OK

xK

pK

pKxK

pKxK2

pKxK3

pKxK4

1.0

m1X=
Si pixi

m2X= Si
pixi2

m3X=
Si pixi3

m4X= Si
pixi4

2
3 3

3
3 3

The cumulant generating function (CGF) of X is the
natural logarithm of the MGF:
KX(t) = loge (MX(t))
= k1X t + k2X t2/2! + k3X t3/3! + k4X t4/4! + …,
where krX represent the rth cumulant of X. The relationship
between the first four cumulants and moments is given by
the following:

30

VOL. 22, NO. 3, 2009

Moments and Cumulants After N Bets
If N consecutive bets are made, the total profit, T, is a
random variable.
T = X1 + X2 + …. +XN,
where Xi is the outcome on the ith bet. We assume the variables Xi are independently and identically distributed.
When the number of outcomes in a single bet is two (Win
or Lose), the binomial formula can be used to calculate the
distribution of profits after N bets. Alternatively, the normal
approximation to the binomial distribution can be applied
when N is large.
When there are more than two outcomes in a single bet,
we can use MGFs, CGFs, and a different normal approximation formula. Assuming the outcome from each bet is independent of the others, probability theory tells us the MGF
of random variable T is the product of MGFs of the Xi’s:
M T(t) = E(exp( X1 + X2 + …. +XN )t )
= E(exp( X1 t)) E(exp( X2 t)) …. E(exp( XN t))
= MX1(t) MX2(t) …. MXN(t)
If the bets are all on the same game and the same size, the
distribution of the profit from each bet is identical and we
obtain an important simplification: M T(t) = [MX(t)]N.
Taking logarithms, we obtain a relationship between the
CGFs: K T(t) = NKX(t). This relationship can be expressed
in terms of the individual cumulants: kr T = N krX for all
r ≥ 1. Thus, the cumulants of the total profit after N bets of
the same size on a single game can be computed directly
from the cumulants of the profit for a single bet.
Likewise, the parameters of T are directly related to the
parameters of X:
Mean mT = Nm X
Standard Deviation sT = √N sX
Coefficient of Skewness gT = gX/√N
Coefficient of Excess Kurtosis kT = kX / N

Table 4—Expected Profits of Casino War with the Minimum $2 Bet
Outcome

Profit ($)

Probability

Expected Profit ($)

Highest Card

2

144/311

0.926

Lowest Card

-2

144/311

-0.926

Go to War and Win

2

23/311 (x+y)

0.079

Go to War and Lose

-4

23/311 y

-0.137

1

-0.058

Total

Table 5—Characteristics of the Amount of Profit After One Trial for 3 Card Stud Poker and Casino War
Game

Mean

Standard Deviation

Coefficient of
Skewness

Coefficient of
Excess Kurtosis

3 Card Stud
Poker

-$0.12

$14.55

8.63

102.08

Casino War

-$0.06

$2.10

-0.12

-1.77

23/311*(x+y). The player loses the hand (given the player and
dealers initial cards were of the same rank) by drawing a card
with lower rank than the dealer. This occurs with probability
23/311*(y).
By comparing tables 3 and 4, it is evident that the variance of profits and higher-order moments such as skewness is
significantly greater for 3 Card Stud Poker. This is a result of
the minimum bet being greater for 3 Card Stud Poker and the
relatively low probabilities in 3 Card Stud Poker in obtaining
the outcomes of a straight flush and three of a kind.

Scenario 2: Attempts to minimize the probability of having to deposit more money while playing. Only one of
the two games will be played to turn over the $10,000.
Characteristics of the amount of profit
The equations discussed above are applied to calculate
the mean, standard deviation, and coefficients of skewness and excess kurtosis of the amount of profit after one
trial and the results given in Table 5. The characteristics

Criteria and Results
The game the player chooses will depend on the player’s attitude to risk and whether depositing more than the minimum
$200 into an account is an option. A professional gambler, for
example, may be more inclined to play 3 Card Stud Poker, as
it has a lower %HM. An individual who gambles only to take
advantage of these promotional offers, however, may be
more inclined to play Casino War. Remember that there
are additional costs in depositing more money through
processing, withdrawals, and currency conversions.
For an individual to make a judgement about which
game he or she would prefer to play (if any), we will
investigate two scenarios:
Scenario 1: Looks at the end result only by allowing the player to deposit extra funds if necessary.
Only one of the two games will be played to turn
over the $10,000.
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Table 6—Characteristics of the Amount of Profit After N Trials for 3 Card Stud Poker with a $5 Minimum Bet
Turnover

Trials

Mean

Standard
Deviation

Coefficient of
Skewness

Coefficient of
Excess Kurtosis

$1,000

200

-$23.17

$205.81

0.61

0.51

$2,000

400

-$46.33

$291.06

0.43

0.26

$3,000

600

-$69.50

$356.48

0.35

0.17

$4,000

800

-$92.67

$411.63

0.31

0.13

$5,000

1,000

-$115.84

$460.21

0.27

0.10

$6,000

1,200

-$139.00

$504.14

0.25

0.09

$7,000

1,400

-$162.17

$544.53

0.23

0.07

$8,000

1,600

-$185.34

$582.13

0.22

0.06

$9,000

1,800

-$208.51

$617.44

0.20

0.06

$10,000

2,000

-$231.67

$650.84

0.19

0.05

Table 7—Characteristics of the Amount of Profit After N Trials for Casino War with a $2 Minimum Bet
Turnover

Trials

Mean

Standard
Deviation

Coefficient of
Skewness

Coefficient of
Excess Kurtosis

$1,000

500

-$28.77

$46.94

-0.01

0.00

$2,000

1,000

-$57.54

$66.39

0.00

0.00

$3,000

1,500

-$86.31

$81.31

0.00

0.00

$4,000

2,000

-$115.09

$93.89

0.00

0.00

$5,000

2,500

-$143.86

$104.97

0.00

0.00

$6,000

3,000

-$172.63

$114.99

0.00

0.00

$7,000

3,500

-$201.40

$124.20

0.00

0.00

$8,000

4,000

-$230.17

$132.78

0.00

0.00

$9,000

4,500

-$258.94

$140.83

0.00

0.00

$10,000

5,000

-$287.71

$148.45

0.00

0.00

of the amount of profit after N trials for 3 Card Stud Poker with
a minimum $5 bet are given in Table 6. Similarly, the characteristics of the amount of profit after N trials for Casino War with
a minimum $2 bet are given in Table 7. As expected, the standard deviation and coefficients of skewness and excess kurtosis
are significantly greater for 3 Card Stud Poker. The bonus $200
has not been included in the calculations to generate tables 6
and 7. Given this $200 bonus, 3 Card Stud Poker and Casino
War would have total expected profits of -$31.67 and -$87.71,
respectively. Note that the standard deviation, coefficient of
skewness, and coefficient of excess kurtosis remain unchanged
when the $200 bonus is included. The coefficient of variation
is given by the standard deviation divided by the mean, and
therefore would change with the $200 bonus.
32
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Distribution of profits
The normal power approximation is applied to give the distribution of profits for both 3 Card Stud Poker and Casino
War, and a graphical representation is given in Figure 1. Note
that the bonus $200 has been added to the horizontal axis to
represent the total profit a player can achieve. The mode value
in 3 Card Stud Poker is approximately -$100, which is less
than the mean value of -$31.67. Using the normal distribution directly, the mode value would be -$31.67. This shows
the importance of using the normal power approximation in
determining the probabilities for the tail and establishing accurate confidence intervals. What is compelling about these two

Distribution of Profits

Three Card Poker
Casino War

-2000

-1000

0

1000

2000

3000

Profit ($)

Figure 1. The distribution of profits for 3 Card Stud Poker and Casino War by turning over $10,000

Table 8—Confidence Intervals for 3 Card Stud Poker and Casino War
Game

90% CI

95% CI

99% CI

3 Card Stud Poker

(-$1,070, $1,070)

(-$1,250, $1,300)

(-$1,600, $1,750)

Casino War

(-$330, $160)

(-$380, $200)

(-$420, $300)

graphs is that a player can lose as much as $1,500 by playing
3 Card Stud Poker.
Scenario 1

Figure 1 could be compared by the player, in deciding which
game he or she would prefer to play under Scenario 1. To
help interpret Figure 1, confidence intervals (CI) have been
constructed and are represented in Table 8. The results are
reasonably accurate, as simulation methods were developed
to verify the results. It has already been established that 3
Card Stud Poker has a lower %HM by 0.56% and a player
is expected to lose $56 less by playing 3 Card Stud Poker
than Casino War. However, the results from Table 8
indicate a player could lose substantially more money
by playing 3 Card Stud Poker than Casino War. On the
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Table 9—Probability of Being Behind More Than $200 for 3 Card Stud Poker and Casino War
Turnover

3 Card
Stud Poker

Casino War

$1,000

0.290

0.001

$2,000

0.385

0.033

$3,000

0.433

0.125

$4,000

0.464

0.245

$5,000

0.488

0.365

other hand, a player could gain substantially more money by
playing 3 Card Stud Poker.
Scenario 2

This scenario will investigate the intermediate fluctuations
during play in an attempt to minimize the chance of depositing
more than the minimum amount of $200. Table 9 gives the
probabilities for every $1,000 of turnover (up to a maximum
of $5,000) of a player being behind more than $200, and
therefore having to deposit more money. The results indicate
there is about a 49% chance of depositing more money in 3
Card Stud Poker while fulfilling the first $5,000 in wagering
requirements. There is about a 37% chance of depositing
more money in Casino War while fulfilling the first $5,000
in wagering requirements. Calculating values for the chances
of depositing more money to fulfill the $10,000 in wagering
requirements is difficult to obtain. It is clear, however, that
the chance of depositing more money is smaller by playing
Casino War. Therefore, under Scenario 2, Casino War is the
preferred game to play.

Summary
Scenarios 1 and 2 assume the player only plays the one game
to turn over the required $10,000. If a player had a good run
in the first $5,000 turnover in Casino War, he or she may be
inclined to switch to 3 Card Stud Poker. Likewise, if a player
had a bad run in the first $5,000 turnover
in 3 Card Stud Poker, he or she may be
inclined to switch to Casino War. A
player’s choice to switch between 3
Card Stud Poker and Casino War

is dependent on his or her current bankroll and how many
hands are left to play to wager the required $10,000.
The minimum bet for both games has always been applied.
A player may choose to speed up the process by betting higher
than the minimum. This may again depend on the player’s current bankroll and how many hands are left to play. In general,
increasing the size of the bankroll in any casino game increases
the variance and skewness. This would amount to increasing
the probability of losing the initial $200 before wagering the
initial $5,000 (i.e., a greater chance of having to deposit more
money into the casino account).
Is the offer worthwhile? The cost of a return flight to New
York from Australia is around $2,000, excluding taxes. The
expected cost for the player in 3 Card Stud Poker is $88 and
$32 in Casino War. Therefore, on average, the offer is worthwhile in the sense of having a positive expected value once one
accounts for the value of the flight from Australia.
Which is the best game to play? We identified two games
in which the playing strategies were straightforward and had
relatively low percent house margins. The best game to play
depends on the player’s objective toward the offer. A professional gambler, for example, may be more inclined to play 3
Card Stud Poker because it has a lower %HM, whereas an
individual who gambles only to take advantage of these promotional offers may be more inclined to play Casino War, as
it minimizes the probability of having to deposit more than
$200 into an account.
There is evidence to show that Casino War is the preferred
game if a player is trying to minimize the probability of depositing more than the minimum $200. This is interesting, as a
player is willing to spend an extra $56 to reduce risk.
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